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Event-by-Event Fluctuations in:!
•  Global Event Temperature"
•  Local Temperatures in η-φ bins"
!

Motivated by:!
•  CMBR, Event-by-event 

Hydrodynamic Calculations"
•  Calculation of heat capacity"

Sumit Basu (Ph.D. scholar)"
Rupa Chatterjee"
Basanta Nandi"
Tapan Nayak"
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Event-by-Event Temperature Fluctuations!
Two sources of fluctuations: 
"
•  Quantum fluctuations occurring at fast time scales"
•  Thermodynamic fluctuations which occur after elapse of sufficient 

time after the collision."
"
-  Initial state fluctuations arise because of internal structures of the 

colliding nuclei and fluctuations in initial energy densities, and 
appear as event-by-event fluctuations in the energy density or 
temperature."

-  Thermodynamic fluctuations originate from local thermal 
fluctuations of energy density and event-by-event variation in the 
freeze-out conditions."

Fluctuations in temperature are related 
to the heat capacity of the system:  
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Heat Capacity Using Event-by-Event 
Temperature Fluctuations!

Landau and Lifschitz,  
Course of Theoretical Physics, Statistical Physics Vol. 5  

Figure 1: (Color online). Distributions of energy density (upper panles) and temperature (lower panels) in the transverse (X-Y) plane at four proper
times (τ) obtained from hydrodynamic calculations for a single central Pb-Pb event at √sNN =2.76 TeV.

second, classical thermodynamical fluctuations which53

occur after elapse of sufficient time after the colli-54

sion [17, 18]. Initial state fluctuations arise because55

of internal structures of the colliding nuclei, and fluc-56

tuation in initial energy densities, and appear as event-57

by-event fluctuations in the energy density or tem-58

perature. Thermodynamic fluctuations have multiple59

sources, such as local thermal fluctuations of energy60

density, and event-by-event variation in the freeze-out61

conditions. Fluctuations of these observables are re-62

lated to several thermodynamic parameters. For exam-63

ple, fluctuation in temperature are related to the heat ca-64

pacity of the system [2, 17]:65

1
CV
=
(∆Tevt)2

〈Tevt〉2
, (1)

where Tevt is the effective temperature of each event,66

and (∆Tevt)2 = 〈T 2evt〉 − 〈Tevt〉2.67

Fluctuations in a thermodynamic quantity like tem-68

perature may arise due to fluctuations in energy or en-69

tropy or finite particle number, and can be calculated70

from 〈pT〉 (mean transverse momentum) fluctuations or71

pT correlations [4, 5, 6, 19, 20, 21, 22, 23]. But accord-72

ing to Ref. [5], variation of CV is similar to fluctuation73

in energy rather than the pT fluctuation. Thus pT corre-74

lation is not an appropriate measure of the temperature75

fluctuation, and may also affect measurement of CV. To76

circumvent this limitation, we have come up with a new77

approach by assigning a temperature to an event and es-78

timating event-by-event fluctuation for a given class of79

events. In fact, for central Pb-Pb collisions at the LHC80

energy, large number of produced particles in each event81

form a well defined exponential distribution in pT. The82

inverse slope parameter of the distribution gives the ef-83

fective temperature, and subsequently, the heat capacity84

of the system can be calculated by using eqn. (1).85

Local fluctuations in energy density arise because of86

the internal structures of the colliding nuclei. These87

initial fluctuations manifest into local temperature fluc-88

tuations of the fireball at different stages of the col-89

lision. Relativistic hydrodynamic calculations which90

take such effects into account reveal large local fluc-91

tuations in ε and T in small phase space bins at early92

stages of the collision [1, 16, 26, 27]. The local fluc-93

tuations have been quantified throughout the evolution94

by simulating central (0–5% of the total cross sec-95

tion) Pb-Pb events at √sNN = 2.76 TeV by the use96

of a (2+1)-dimensional event-by-event ideal hydrody-97

namical framework [16] with lattice-based equation of98

state [28]. The formation time of the plasma is taken to99

be 0.14 fm [29, 30]. A wounded nucleon (WN) pro-100

file is considered where the initial entropy density is101

distributed using a 2-dimensional Gaussian distribution102

function,103

s(X,Y) =
K
2πσ2

NWN
∑

i=1
exp
(

−
(X − Xi)2 + (Y − Yi)2

2σ2
)

.(2)104

Here Xi,Yi are the transverse coordinates of the ith nu-105

2

•  Fluctuations in temperature may arise due to fluctuations in energy or 
entropy or finite particle number, and can be calculated using fluctuations 
of transverse momentum (pT). 

•  pT fluctuations have been studied extensively by NA49, STAR, PHENIX, 
ALICE experiments. 

•  Stephanov, Rajagopal and Shuryak (Phy. Rev. D, Vol. 60, 114028) have 
shown that pT fluctuations are not appropriate measure of temperature 
fluctuations.  Extraction of heat capacity from pT correlations are not like 
temperature fluctuation or even energy fluctuation … 

•  To circumvent this limitation, a new approach by assigning a temperature 
to an event and estimating event-by-event fluctuations. 
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LOCAL TEMPERATURE FLUCTUATIONS!
!

(EVENT – BY – EVENT)!



                          

CMBR: Fluctuation Analysis 
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),(),( ϕθφθ lmlmYaT
T

=
ΔTemperature anisotropies are analyzed 

using Spherical harmonics: 

Average values of  these expansions coefficients  
are zero due to overall isotropy of the universe: 

0>=< lma
But standard deviations of the coefficients are 
non-zero and contain crucial information: >=< 2|| lml aC

Cosmic Microwave 
Background Radiation 
(CMBR) by WMAP:"
shows Temperature 
fluctuation spectrum 
of the Big Bang at age 
380,000 yrs."
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WMAP observations: 
Astrophys.J.Suppl.
170:377,2007 

Vital information regarding the Universe has been obtained by Analyzing the 
temperature fluctuations: 
 

•  Age of the Universe: 13.8 Billion years with 1% error 
•  First stars: 200 million years after Big Bang 
•  Light from WMAP picture from 379,000 years after Big Bang 
•  Content of the Universe: 4% atoms, 23% Dark Matter, 73% Dark Energy 
•  Expansion rate, Hubble constant with 5% error:  H0 = 71km/sec/Mpc 
•  New evidence for inflation 
•  …. 

Power Spectrum 



                          

Time Evolution of Heavy-Ion Collisions 
Steffen Bass 

•  Hadrons detected by the experiment are mostly emitted at 
the freezeout 

•  Similar to the CMBR which carry information at the surface 
of last scattering in the Universe, these hadrons can provide 
information about the earlier stages (hadronization) of the 
reaction in heavy-ion collision. 

22/05/2013 7 
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Uli Heinz, arXiv:1304.3634v1 [nucl-th] 11 Apr 2013  

IP Glasma:  Schenke, Tribedy and Venugopalan PRL 108 252301 (2012) 

Pb-Pb collisions at the LHC after 0.2 fm/c  WMAP 

IP Glasma:  Transverse energy density profiles for semiperipheral Au+Au 
collision at different times (0.01fm/c, 0.2fm/c and 5.2 fm/c) 



                          

Acoustic peaks in CMBR and Heavy Ion collisions 
 
 

A.P. Mishra, R.K. Mohapatra, P.S. Saumia, and A.M. Srivastava: 
Phys.Rev.C, 77,064902, 2008 & Phys.Rev.C, 81,034903, 2010. 

•  Just like for CMBR, one can deduce information about the earlier stages 
from the properties of hadrons coming from the freeze-out surface. 

•  Strong similarities in the nature of density fluctuations in the two cases 
•  Sub-horizon fluctuations in the azimuthal distribution of particle 

momenta may display oscillatory behaviour, as well as some level of 
coherence just as for CMBR in the case of inflationary density 
fluctuations in the universe. 

•  Flow anisotropies for superhorizon fluctuations should be suppressed 
by a factor HS/λ/2, where HS is the sound horizon at the freeze-out time 
and λ is the wavelength of the fluctuation.  

9 



                          

uniform distribution of partons 

HIJING parton distribution 
Include superhorizon 
 suppression 

Include oscillatory  
factor  

RMS values of the flow 
coefficients : 

><= 2
n

rms
n VV

 From HIJING final particle momenta. 

10 



                          

Analyzing Power Spectrum of the Little Bangs  
 

A. Mocsy and P. Sorensen, Nucl. Phys. A855, 241, 2011 

pT correlations derived from the  
<p T> fluctuation in Au+Au 
collisions at 200 GeV 

The power spectrum from  pT 
fluctuations. C l are calculated at 
midrapidity with theta=0 

11 

•  Analysis of the pT correlation data and extract a power-spectrum  



                          

Morphology of High Multiplicity Events …  
 

P. Naselsky et. al. arXiv:1204.0387v2   Aug 2012    

12 

Extends the studies by 
Srivatava et al. and "
Sorensen et al. "

Theta,Phi distribution of a HIJING event 
without flow. Mollweide projection: theta runs 
from north pole to the south pole and phi runs 
along the equator from centre to left. "
"
Upper figure: Larger particle densities are 
found at the poles reflect ing the large number 
of particles emitted at small angles with 
respect to the beam direction."
Analysis using Spherical harmonics:"
"
In the bottom panel: m=0 mode is removed to 
obtain an approximately uniform distribution."
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Yl,m(θ,φ),

f(θ,φ) =
lmax
∑

l=1

l
∑

m=−l

al,mYl,m(θ,φ),

Yl,m(θ,φ) =

√

(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (x)eimφ =

= Nl,mPm
l (x)eimφ (1)

where al,m = |al,m| exp(−imΦl,m) are the coefficients of
decomposition with amplitudes |al,m| and phases Φl,m

for each component l,m, Pm
l (cos θ) are the associated

Legendre polynomials, and

CS(l) =
1

2l + 1

l
∑

m=−l

|al,m|2 (2)

is the total power spectrum.
As it is seen from Eq. (1), the constant term with l = 0

which corresponds to the average density of the parti-
cles on the sphere is not included in our analysis. Thus,
f(θ,φ) represents the fluctuations of the number density
of particles with respect to the mean value and it can
take positive or negative values. The parameter lmax in
Eq. (1) characterizes the angular resolution of the map.
In principle, infinitely precise pointing resolution requires
(lmax → ∞) which is computationally prohibitive. In the
CMB analysis, one choses the parameter lmax accord-
ing to the angular resolution of the experimental data
which is dictated by the segmentation of the detector.
For instance, lmax = 100 corresponds to an angular res-
olution ∆ = π/lmax $ 1.8o.In heavy ion physics, other
physics considerations such as the typical angular sepa-
ration of nearest charged tracks in the ∆η and ∆φ may
motivate the choice of lmax. In the following, we use a
resolution lmax = 100 that is sufficiently high to reveal
fluctuations on small scale. We work for illustrative pur-
poses with the standard GLESP [38] pixelization where
lmax = 100 corresponds to a number of pixels in the θ-
direction Nθ = 2lmax + 1 and in the azimuthal direction
Nφ = 2Nθ.

A. Mollweide projection of heavy ion events

To familiarize ourselves with the main features of a
CMB-like harmonic analysis of heavy ion collisions, we
start from a ’baseline’ distribution f(θ,φ) of a heavy ion
collision in which features of global collective dynamics
are absent. To this end, we consider as baseline a HI-
JING event without superimposed flow signal (v2 = 0).
Fig. 3 shows the corresponding fluctuations of the distri-
bution f(θ,φ) in the so-called Mollweide projection that
is heavily used in CMB analysis. In this representation
the polar angle θ runs vertically from the ’north pole’ to
the ’south pole’ and the azimuthal angle φ runs along the
’equator’ from the center to left . Let us pause to discuss
in more detail the information shown in this map.

We have seen already in the context of Fig. 1 that
particle distributions are approximately flat in a wide
window of the polar angle π

4 < θ < 3π
4 . Accordingly,

the particle density and fluctuations in θ remain approx-
imately unchanged in a broad band around the equator
of the Mollweide projection (see upper part of Fig. 3).
Larger particle densities are found at the poles reflect-
ing the large number of particles emitted at small angles
with respect to the beam direction (see bottom panel of
Fig. 1). This enhanced particle yield at the poles is a
kinematically trivial but potentially confounding factor
for studies that aim at establishing event-by-event global
or local signals on top of an event-average background
that varies significantly in η or θ. Thus, irrespective of
the choice of coordinates, the question arises to what
extend potentially interesting information about fluctu-
ations and azimuthal asymmetries can be disentangled

FIG. 3: (Color online) Top: Mollweide projection of a single
HIJING event without flow. The azimuthal angle φ runs along
the ’equator’, the polar angle θ runs from pole to pole. The
color coding tracks deviations relative to the average level of
counts. Bottom: The m = 0 mode has been removed from
the map. The angular resolution of the maps corresponds to
lmax = 100 (see Eq. (1). The multiplicity of the event is
17000.



                          

Hydrodynamic Calculation 

Collision ==> microscopic  

Event-by-event relativistic 
hydrodynamic calculations: 

Holopainen, Niemi, Eskola 
PRC 83 (2011) 034901 
 

Hydro calculations by: 
Rupa Chatterjee, Sumit Basu 



                          

Hydro Calculation: 
Energy density and Temperature:  
 

(single event) 



                          

Temporal evolution of fluctuation: 

Average!
Energy!
Density!

Average!
Temperature!

Fluctuation!
In Energy!
Density!

Fluctuation!
In Temperature!

Elapsed time  !

•  At early times, the system is inhomogeneous and quite violent:"
Ø  sharp and pronounced peaks in energy densit & hotspots in temperature"
Ø  Extremely large fluctuations (~90%) in energy density"

•  With time, the system cools, expands and bin-to-bin variations smoothens"
•  Energy density drops fast, the fluctuation in energy density remains almost 

constant up to τ∼2.5 fm, then falls rapidly."
•  A kink in fluctuation of temperature observed around same time"
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Methodology for 
Temperature Calculation  

at LHC energy:  Pb-Pb collisions at sqrt(s_NN) = 2.76 TeV: 

•  A large number of particles produced in every collision makes it 
possible to construct transverse momentum (or even better 
transverse mass of identified particles) in each event."

•  Fitting the mT distribution of pions with Maxwell-Boltzmann 
distribution yields the value of the effective temperature. "

•  This temperature is related to the mean transverse mass <mT> of 
pions:"



                          

How to Measure Temperature 

mT =
2Teff

2 + 2m0Teff +m0
2

m0 +Teff

d mT

dTeff
=1+

2Teff
m0 +Teff

! 2
Teff

m0 +Teff

"

#
$$

%

&
''

2

(1) 

(2) 



                          

mT spectra 
 

~ A  
 

exp !
mT

Teff

"

#
$$

%

&
''

 HI 
Collision 

Produce 
Pions (π) 
in each 
event 

(Raw) Efficiency 

MT spectra 
Fitted with 
Boltzmann 

or <mT> 

(corrected) 
 

Inputs  
Output  

Fluctuations 
Could be  à Pion Multiplicity Input Teff  pT dependent ε 

Total Input Fluctuation in Teff Output Teff 

Comparison Of  
Relative (RMS/Mean) 
 Fluctuation 

Fitting Range 

Methodology 

12/09/14 
18 
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The SM (string melting) mode of AMPT model mimics the 
experimental conditions at the LHC. AMPT explains majority of the 
data for multiplicity and flow."

Feasibility using AMPT 



                          

07-Jun-07 
20  

Feasibility using AMPT 
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Statistical fluctuations to be removed from the total to 
obtain dynamic fluctuations 
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Heat Capacity 
For AMPT events:  Dynamical component of 
Temperature fluctuation:    1.8%."
"
CV = 3067."
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Statistical component of the fluctuation 
has been estimated by constructing 
randomly generated synthetic events, 
keeping the multiplicity and pT 
distributions similar to those of AMPT."

Taking out statistical component:"
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Local Fluctuation 



                          

Within The Event : Local Fluctuation 
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Map of <mT> 

•  Get <mT> for each bin =>  Get  Temperature of each bin 
•  It is checked that the event Temperature is close to mean of bin 

temperatures in an event. 
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Figure 3: (Color online). Event-by-event distribution of 〈mT〉 and cor-
responding Tevt for pions within one unit of rapidity and full azimuth
for central Pb-Pb collisions at √sNN = 2.76 TeV using AMPT. Distri-
butions for synthetic events representing the statistical component are
overlaid on the figure.

within the central rapidity (−0.5 < y < 0.5), full az-181

imuth and m0 ≤ mT ≤ 1.5 GeV, the value of Tevt from182

fitting the mT spectrum as well as from 〈mT〉 are sim-183

ilar to each other. The upper limit of mT is chosen to184

exclude pions, which may be affected by jets. Figure 3185

shows the distributions of 〈mT〉 of pions and correspond-186

ing values of Tevtcalculated using the above expression187

for a large number of events. It should be noted that188

the values of Tevt have contributions from both a ther-189

mal part and a second component which depends on the190

collective transverse velocity (〈βT〉) of the system. For191

a narrow centrality event class, the transverse velocity192

can be assumed to be same for all events, and the fluc-193

tuations in the flow velocity can be neglected [5]. Thus194

the fluctuation in Tevt may be a good representation of195

the fluctuation in temperature.196

Event-by-event global temperature fluctuation has197

been expressed in terms of ∆Tevt/〈Tevt〉, where average198

is taken over a large number of events. This fluctuation199

has contributions from both the statistical and dynam-200

ical components. Statistical component of the fluctua-201

tion has been estimated by constructing randomly gen-202

erated “synthetic” events, keeping the multiplicity and203

pT distributions similar to those of the AMPT events.204

The 〈mT〉 and Tevt distributions of the synthetic events205

are also shown in Fig. 3. The dynamical component206

of the global temperature fluctuation, obtained by sub-207

tracting the statistical component of the fluctuation from208

the total, has been estimated to be 1.8% for the AMPT209

events. This corresponds to heat capacity of Cv=3067.210

This is the first estimation of heat capacity at LHC en-211

ergies from model calculations.212

Local temperature fluctuations, which provide the213

amount of non-uniformity within a single event, are214

studied by dividing the available phase space into sev-215
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Figure 4: (Color online). Temperature fluctuation map in y–φ bins for
central Pb-Pb collisions at √sNN = 2.76 TeV using the AMPT model.
For each y–φ bin, fluctuation is expressed as (Tbin − Tevt)/Tevt, the
deviation of the bin temperature to the event temperature. The color
palettes indicate the magnitude of fluctuations.

eral y–φ bins, and estimating the bin temperature (Tbin).216

The bin temperatures are obtained using the similar pre-217

scription as above. The 〈mT〉 of pions are calculated218

within the y–φ bin and m0 ≤ mT ≤ 1.5 GeV, and Tbin is219

evaluated by using eqn. (3). The number of y–φ bins220

has been chosen by taking into account the number of221

pions in each bin so that fluctuations in the number of222

pions do not affect the estimation of mT. The amount of223

local fluctuation may vary depending on the number of224

y bins, which needs to be evaluated.225

For a given event, local temperature fluctuation in a226

given y–φ bin is expressed as:227

Fbin = (Tbin − Tevt)/Tevt. (4)

For each event, a fluctuation map in y–φ phase space228

is constructed by plotting the corresponding values of229

Fbin. Fig. 4 shows the the temperature fluctuation map230

for a typical event in 6×6 bins in y–φ, where the fluctu-231

ations are represented by different colour pallets. This232

map gives a quantitative view of the local temperature233

fluctuation in the available phase space for an event. The234

map shows several hot (red) as well as cold (blue) zones,235

and zones with average (green) fluctuation throughout236

the phase space. It is to be seen whether the hot and237

cold zones have their origin from the extreme regions of238

phase space that existed during the early stages of the239

reaction.240

For a single event, the amount of local tempera-241

ture fluctuation is quantified by the ratio of RMS to242

the mean of the Tbin distribution. Local fluctuations243

in 〈mT〉 and corresponding temperature for each event244

4
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Map of the Little Bang!
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•  Get <mT> for each bin =>  Get  Temperature of each bin 
•  It is checked that the event Temperature is close to mean of bin 

temperatures in an event. 

•  Plot Fbin for an event. Mean of this distribution gives the amount of 
local fluctuation of the event. 

•  Distribution of event-by-event local temperature for central 
collisions: 
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Local Fluctuations Event-by-Event 

Local Temperature fluctuation (dynamic component):  10.79%. 



                          

VECC 



                          

Summary  
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•  Heat Capacity calculated from Event-by-Event (EbyE) 
Temperature Fluctuations:"
•  For Central Pb+Pb 2.76 TeV, we get heat capacity 

of 3067."
•  Prospect for RHIC BES energies to calculate CV 

from temperature fluctuations."

•  Local temperature fluctuation MAP similar to CMBR:"
•   In 6x6 bins, local fluctuation amounts to 7.2%. "

=> Opens up new avenues for characterizing heavy-ion 
collisions. "

ALICE: Analysis in progress"


