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A Different Perspective

Hamiltonian Formulation J

Loop Formulation J
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m Loop operators and loop states

El Loops and their dynamics

m Hamiltonian Dynamics on physical loop Hilbert space
= Introducing Fusion Variables

m Check for the viability of the formulation

B Summary
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Motivation

Loop Formulation and its limitations

A way out

m An old problem in quantum field theory: Reformulation of
gauge theories in terms of gauge invariant Wilson loops
and strings carrying fluxes.

m The lattice formulation of gauge theories = a step in this
direction.

m Two major obstacles: non-locality and proliferation of loops
and string states.

= Not all loop states are mutually independent = Mandelstam
constraints.

m The Mandelstam constraints, in turn, are difficult to solve
because of their non-locality.

m Becomes a severe problem in the weak-coupling regime
(continuum limit ) of lattice gauge theory.
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Motivation

Loop Formulation and its limitations

A way out

m It is important to explore new descriptions of QCD
where loops, string states and their dynamics as well
as the associated Mandelstam constraints can be
analyzed locally.

m Prepotentials provide such a platform!
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Hamiltonian LGT: Variables

Discrete Space and
Continuous time

On a link of the spatial lattice

E(ni)® ToD) # [ (n+i,i)

Time

Er(n+i,i)y=—U'(n,)E.(n,U(n, i)

vy
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

The Kogut-Susskind Hamiltonian

SU(2) gauge theory

H=g ZZEan/)Ean/)Jr ZTr<1—UD—UT>

n,i a=1

with, Us = U(n, )\U(n+i,j)UT(n+ j, ) \U'(n,j)
a(=1,2,3) — color index.
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Quantization Rules

Canonical variables

Bt ). %a(n) = (G Und) s

[ER(n+1i,i),U5(n,i)] = (U(n,i)%a)aﬁ.
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Constraints

d
G(n)=>" (Eg(n, i) + E&(n, i)) = 0,Vn.

i=1

Electric field constraint

E2(n, i) = E2(n+ i, i)
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Physical Hilbert Space: Wilson loops

Identity involving two loops, each carrying one unit of flux

Mandelstam Identities J
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Wilson loops and Mandelstam Constraints: SU(2)

m Increasing number of Loops = Increasing humber of
Mandelstam Identities!

m But all these identities are derivable from a fundamental
one!

Fundamental Mandelstam identity for SU(2

P

m In prepotential formulation these fundamental Mandelstam
identities becomes local and can be analyzed as well as
solved to get Orthonormal Loop states.
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Prepotentials

m Harmonic oscillators belonging to the fundamental
representation of the gauge group defined at each
lattice site.

m Prepotentials transform as matter fields — construct

local gauge invariant variables and states from them!

m Local Mandelstam constraints = Exact solution is
possible.

m Prepotential formulation of SU(2), SU(3) and arbitrary
SU(N) exists , but we will confine ourselves to SU(2)
only in this talk.

B Ref: Manu Mathur, Nucl. Phys. B 2007, Phys. Letts. B 2006, J. Phys. A: Math. Gen. 2005, Ramesh

Anishetty, MM, IR J. Phys. A 2010, J. Math. Phys 2010
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

SU(2) Prepotentials

a' (L)ea(lL)=a' (R)ea(R)

al(L)m m ap(R)
ne - @ + I
EX(n,1) U (n,i) E2(n+1i,i)
Left electric fields: EXn,i) = a'(n,i L)%a(n, i L),
Right electric fields: Ei(n+i,i) = a'(n+i,i; Fr’)%a(n+ i,i; R).

Under SU(2) gauge transformation
al(L) = al(L) (\)’a,  al(R) — a(R) (AR) .
aa(L) — (/\L)aﬁ aﬁ(L), a“(R) — (/\R)ag aﬁ(R).
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Link Operator

m From SU(2) ® U(1) gauge transformations of the
prepotentials,

U“s = a'*(Lynal(R) + a*(L) 0 as(R)

Jy =172

m Calculating the coefficients from UTU = UU' =1,

o 1 (ai(L) a1(L)><aI(R) az(m) 1
VN1 \ —ail) a(l) )\ aR) -aR) ) /N+1

UL UF{
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Abelian Weaving, Non-abelian Intertwining and Loop
States

1

Link operator: U g = ——— (QT“(L) aL(R) +a*(L) éﬁ(m) —
B vVh+1

o = al() BtP () = — at(i)- bTP(j) = ——— kI

VT Y Vi o+ Ai(Ay + 1)

" 1 1 1 1 Ty

o= = al()— bP(j) = —=a' (i) - b(j) = —xf

2 i+ i 41 Vi /(P +2) Vi (A +2)
i 1 1 1 1 1 g 1
Ot'= = a()— BtA(j) = ———a(i) - bT()) = wl

nj+1 i+ 1 (A +1) nj +1 (A +1) n;+1

AL o 1 N 1 7 1
O=l= = a0 b%(j) = (i) - b(j) =K

B+ A +1 \/(ﬁ,-+1)(f7j+2) T \/(ﬁ,-+1)(ﬁj+2)
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Loop States and Linking Numbers

=1%o

i

Linking numbers in 2d
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Hamiltonian Framework
Introducing Prepotentials
Loop operators and loop states

Prepotential Formulation: a brief review

Mandelstam Constraint

a'(2)
(af(1) . éT(z)) (af(i) . af(é)) = (aT(n . aT(T)) (aT(z) . af(é)) - (afm . af(é)) (af(z) . aT(T))

Equivalen to the fundamental Mandelstam identity
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. . . . Hamiltonian Framework

Prepotential Formulation: a brief review . .
Introducing Prepotentials
Loop operators and loop states

Linking Numbers and Constraints

Loop State characterized by 6 linking numbers

o e ) = 141}) = (klz)hz (;dj)’ﬂ' (k}g)ﬁz (kii o (kié)lzé (kié)"‘

withny =lo+h5+hs , mm=hi+ths+ha, nf=Hks+hi+hi, ns="N4s+hs+hks

One Mandelstam constraint

12,12 12, 21 17,22
Kk® — KTk + kK =0

Two U(1) Gauss Law constraints

ny(x) = nj(x +e1) & np(x) = nz(x + €2)
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Three different class of loop operators

o 1 )

(RS K!

Vit D +2) "

o 1 )

o= = kY
\/(n,- I 1)([7/' +2)

. 1 )

o = K
V(i +1)(n; +2)
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Pictorial Representation

Local Loop Operators

I I

] v

Action on States

i

i

\
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Local Action of Loop Operators on Local Loop states

Action of O™+

Al 1 b
oY = e (a'() - BT ) 11D =
(nj + 1)(nj +2)

Uj+1)

[lj +1)
(nj + 1)(nj +2)

or pictorially:
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Local Action of Loop Operators on Local Loop states

Action of O+

O 11y) !

————— (') b)) M)
(i +1)(n +2)
S S Dl — T4 D

(i +1)(nj + 2) ki)

where, in J; the first index is always less than the second one with ordering convention 1 < 2 < 1< 2and
Sk =11ifi >k & Sy =0 ifi < k.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Local Action of Loop Operators on Local Loop states

Al j_ 1 N p
O 1{1}) = ———— (al) - B()) 141}
(P +2)(P; + 1)
1 S
. — [(n,+nj — G+ —1+ > (G + DTl =1, =1, 5+ 1)
(P +2)(Ay + 1) T{#i0}
with Sy =1 ifi > k & Sy =0 ifi < k.
V.
Pictorially,
! i i !
e, T + +
-------- R X ‘ J _]-f"‘J
J' i’
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Diagrametic rules

Rules to calculate the coefficient loop diagral

= Any diagram with net flux increasing or decreasing along / — j direction (or increasing along / and
decreasing along j directions together) contribute a factor of ————————, where n;, n; counts
(n; +1)(n; +2)
the flux of the state on which the loop operator has acted.
Each solid line crossing the site from direction / — j will contribute a factor of /; + 1.

Each dotted line crossing the site from direction / — j, without having any overlap with any solid line
on any of its arm, will contribute a factor of (n; + n; — /; + 1).

m Each solid flux line along i — k direction with the link at k direction, having overlap with a dotted link
along k — j direction will contribute a factor of (—1 )Sik.

m Each solid flux line along i — j direction with the link at / direction, having overlap with a dotted link
along i — i’ direction and the link at j direction, having overlap with a dotted link along j — j’
direction will contribute a factor of (—1 )s"f.
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Loops and their dynamics

Hamiltonian Dynamics on physical loop Hilbert space

Check for the viability of the formulation

rating the diagrammatic schemes:

vertex coefficient vertex coefficient
di: oty = izt o2 = el
(nq+1)(n5+2) (ny+1)(np+2)
d2:§ cl-2- _ (mtm—hst1) cl—2- _ (ni+mp—hpt1)
(ny+1)(n5+2) (n1+1)(n2+2)
5 f5+1 2.1 Iy7+1
d3:_| =) =12 a3:J -y = 2
( )1 \/(né+1)(n1 +2) ( )1 (np+1)(n1 +2)
5 I5+1 i 5+
d4: (CZ+1*) - bt ad: | (CZ+1*)_ S RN
2 (n5+1)(n1+2) 2 (np+1)(ng+2)
i 5 L7+1 I3 +1
ds: i (c2-). = hit a5: ) (c"+2-). = kit
i \/(n1+1}(né+2) 1 (nq+1)(np+2)




Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

rating the diagrammatic schemes:

vertex coefficient vertex coefficient

|

de: c+2-) — __hett 6: cl+2-) — ettt
( )2 (nq+1)(n3+2) a ( )2 (nq+1)(np+2)
47 c1=)2C@o)7 _ bit! c1-)3_)7 _ _ fiz+1
(nq+1)(n3+2) (nq+1)(np+2)
d8: c1-)7C)2 _ it s | cl1-7e-); —  fiptt

V(1 +1)(n5+2) ’ (ny+1)(np+2)

b :J cleze = __li2'l ot: clezy - izl

(n5+1)(n2+2) (n5+1)(n5+2)
b | gz _ (rtme—lipth) @ | o2 _ (rrmp—lipth)
(n3+1)(n2+2) (n3+1)(n5+2)
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

vertex coefficient vertex coefficient

7 5.7 I5+1
A1) = _ hp 1 3: c2+1-) = — 13
( )1 /(n2+1)(n1+2) ¢ ( )1 (né+1)(n1f+2)

(CZ+L)_ _ I3 +1 o4 (Céﬁ,) __ Iz +1
2 (np+1)(n7+2) 2 (n5+1)(n7+2)
b5 Lo (c+2-) ——— bl s (c%+2-) -t

1 [(ng+1)(np+2) 1 [(ng+1)(n5+2)

i k5+1 | 1.2 Iy5+1
(c+?-), = —— 6 | (c+?-) = - ——2—
3 (ng+1)(ng+2) 2 (ng+1)(n5+2)

c@-)1(-); hat1 o ___hetl
(n7+1)(n2+2) (n3+1)(n5+2)

0(17)1 (2_) _

+1)(np+2)
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Mandelstam Constraint k!2k1? — k!2k?1 4 k1Tk? = 0

— J _,/(ni+l)(n2+2) L
’7 (nT+2)(n3+1) _|

Consider our physical loop Hilbert space to solve the Mandelstam

constraint by:

hi(x) - hz(x) =0

I

Only non-intersecting loops are physical

Vertices a8, b8, ¢8, d8 vanish on physical loop space! )

Indrakshi Raychowdhury Institute of Mathematical Sciences,| Loops in SU(2) Lattice Gauge Theory



Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Physical Loop
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Magnetic Hamiltonian in prepotential formulation
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Loop dynamics and linking numbers

m Linking numbers = ultra local description of loop states.
m Hamiltonian dynamics is always around a plaquette.
m Abelian gauss law constraints need to be imposed.

I

Alternate description of loop states by a set of Fusion Variables. J
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Fusion Variables

Any Loop can be characterized by

ILS) = JTIL Ny, N2, Dy, Do)x

X
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

action of the fusion operators

" (% Ll & @ AN — 110 — @ o . G
N+ ILE) =1, Lx +eq) = 1) = [LE) = 1, LK +&1) = 1, No (R + —) = 1)

L(F) |[LE+e)
o e |0 | »
5 ite || § ite
| £+ L()=1L(F+e)=1
A 'HE [P@)=12E+ e=1) ‘zm:uu.m:\ NN :1>
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

action of the fusion operators

~ 4 .. & e ” " . - - . e . e
I'IDZI'ID1 (X—?+?)\L(x) =1,L(k—ej+ep) =1) = |[L(X) =1, L(X+e1) = 1,D1(x—E = 1,D2(><—E

_
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Fusion Variables and Linking Numbers

- L & . € . & €2
ha(0) = LR =M% = 1) = Ny(X = 2) 4 DX — o = 2)
. @ . € L & €2 P
hi(x) = NZ(X—?)JrNZ(X—?—92)—D1(X—?—?)—D2(X—?—?)
@ @ €1 - (=) - €1 )
hal) = LK~ e2) = Nol¥ — — —e2) = Ny(¥ — 2) 4+ Dp(f — - — %)
@ . €1 o (=) . & e
hi(x) = L(X—91)—N2(X—?)—N1(X—e1—?)+Dz(x—?—?)
. €2 @ &2 . & €2 . & €2
Iy (X = NGEK—-=)+N(kx—-—e— =)—Dy(kx— —— =) —Dp(Xx — — — —
I3 (X) 4 ( 2) 1 ( 4 2) 1 ( 5 2) o ( = 2)
- L & & €2 . & €2
h(x) = L(X—91—92)—N2(X—?—92)—N1(X—e1—?)+D1(X—?——?)
v
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

The Shift Operators corresponding to Fusion Variables

Z()—()”Li(;()“, Ni,No, Dy, Do) = (L(X)£1)IL, Ny, N2, Dy, Do)
L e e e
Ny (% — *)“ﬁ (x = ?)IL-N1;N2»D1,02> = (M(x— ?):E1)IL,N1,N2»D1,02>
€1 @ G

(% — *)” (X = ?)IL’ Ni,Np, Dy, Do) = (Nao(X — ?)iUIL, Ny, N2, Dy, D)
Ay S @ 91 & P €
BE=2==5 ) K= o = SIL N, N, Dy, D) = (Dy(R = = = 22 )ED)IL Ny, N, Dy, D)
Ao 8 @ 91 & P €
Dz(X—?— ) , (X —*—Z)ILyNthDhDa) = (Dz(X—E—?)ﬂ)lL,Nth,Dth)

v
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Fusion Variables and Constraints

5 Variables-1Mandelstam Constranit=- Another additional
Constraint

— . & €. . & €. . & €. _ . & €2
Ny (x— —— =) (x+ —+ =)y (x— —+ —)N5 (X+ — — —
D, 2 2) D, 2 2) oy ( 2 2) oy ¢ 2 2)

+ oo 2 04 o €2 4 o 81 g o 81y og o2
My (= 2 (o 2, (% = g, (% + =) (nf (1) = 1

Loops in SU(2) Lattice Gauge Theory
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Magnetic Hamiltonian: 16 plaquette operators
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

Explicit action: 1 state

Explicit Realization in terms of Fusion Operators

Hy = C;+2+ Cﬁﬂ + C<1:+2+ C¢1j+2+ IT[()N()
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

Explicit action = 4 states
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Typeb: Hy J
1120 1424 i 2 4 e
I e (O T e H PN R )
_ 2_1 e e - e ~
(e~ + (@ by o+ S = 2y Donf @
_ o2l -2+ 1-24 _& &
I (s PR s HIPA R )
2,7 2,7 e e . & 5
(€ ey g o+ S = 29 i - o) @
i, 3.2 1,2 1,2 ) e
R A (A G PN )
142 142 ., € €2 PR 5
((63**)s + (0" ey (i - 2‘ +2)) g, - Sng 0 @
_ o2 ~24 1 oy 88
Hs = Cj Cy ((C )2 + (Cc )1 np (X + > + P) ))
1_2 1.2, e e . e .
(G5 0+ 2 b = 2+ 2y g e+ 2ot ) ®
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

The explicit action 1 x 23 = 8 states
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Typec: Hy— _ J
o= (ctrng - 2+ 2 (et s e g, S+ D)
(€€ nng,a- 5 - %)) ®)
(" e g 2 - By e L - By m - Doy 6+ 2o )
Hy = (c;_+é+ N, ( + %‘ + %)) ((cf,*L )5+ (cf,“»*)m;,1 G+ %‘ - %2))
(657 * 0+ ey " enp = 5 + %)) )
(ca® 4o 2 g = L - Zong, - S - 2y g G Dong o 2ong )
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Typec: Hy_ _ J

2,1, . — . € e 1,2 e
Hy = (g e+ — — 2)) (Gt T+ (G T enp (R -+ 2)
b 1 2 2 2 2
1_2 1_2 — . & €2
((Ca +)§ +(Cy +)Tr|D2(x -5 - ?)) (8)
1_2_ (_)2@ )5 o & €. __ . & ) — — s 20—/
(Cd +C,4 ”Dz(X > + > )I'ID1 (% 2 + 2) HNZ(X+ 2 )I'IN1 (% 2 (%)
1,2, _ . € e 1,2 1,2 _ .. e e
Hy = (ca+ s (% — ?1 - f)) ((cd+ )7+ (¢, e, (% — ?1 + ?2))
2,7 7 _ . e e
(€ ey g+ 5 - %)) ©
T2 0@t g 8 G2 o 81 2\ q— 8- —(%
(cc +C Mo, (X + 5 + 5 )Np, (K4 5 + 5 )) N & = 5Ny, (% ng (%)
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

The explicit action = 2% = 16 states
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Loops and their dynamics

Hamiltonian Dynamics on physical loop Hilbert space
Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Type (@)
I (o TR i W AR )
_1 _ - [
(c e )éna(w;‘—f))
1.2 1,2 eq [ - 1 -
(c i+ (€5 am, - 2 2 ) i o S - Tnf o (1)
1.2 - e e
o= (@ e g, - 2 - 2))
241 +p, 81 &
( )2+ (C )1ﬂD1(x+?—?))
(01*2+ Yo+ (Co™ )1n52()?+%1+%)>
(e 0y P g - St %)) i ok 2ok, = 2o ()
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

The explicit action 2* = 16 states
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Loops and their dynamics

Hamiltonian Dynamics on physical loop Hilbert space
Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Typee: H___, J
Mo = ((CZ*Q*M 0 e, G+ 2)
(A" wed 2 i - G - S, 5 - 3)) "
(c;_é_ N 0511_)2(2-)1-”32(;( _ %1 %)rﬁ(i - ez—‘ + 62—2)) My, (X + %)”[(’“‘)
I (o e e )
(et w2 g e 2 Zonp e 24 2))
(o™ e ™ n - G s S 6 G ) e s




Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Action of Hy,a5 on Loop States

Typef: H____
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

Explicit Realization in terms of Fusion Operators

Typee: H____ J
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

m To compute physical results using this formalism, one
should first calculate the norm.
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

m To compute physical results using this formalism, one
should first calculate the norm.

m We compute the norm of loop states by noticing that this is
itself product of the norms defined at the each sites of a
loop state.
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Hamiltonian Dynamics on physical loop Hilbert space

Loops and their dynamics Check for the viability of the formulation

m To compute physical results using this formalism, one
should first calculate the norm.

m We compute the norm of loop states by noticing that this is
itself product of the norms defined at the each sites of a
loop state.

m Next, we briefly illustrate how the strong coupling series in
this new formalism, using the lattice Feynmann rules
prescribed in this work matches exactly with the
conventional approach. Note that, our formulation is much
more simple as there is no need to deal with any complex
6] coeffiecient and is well suited for numerical computation.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Normalization of local loop states

Local loop state: |h2, L1, 13, b1, bz, k3)

Consider the norm of a special case: (/{, = 0|/j2 = 0)

(ha + by +hs+ s+ by +1)!
l3! (bt + ha + hi + bz +1)! hahe
(bt + ks + hi+ by +1)!

bl (ks + b7 + by + 1)1 20k
(%+M+%+UI/
B3l (L34 bz + 1)1 22

X (i +1) (g + 1) 0r_1:01 1,

17 Tlp51722
By 6/1/27/126//17/21 5/1157/125/1?/11 5/227/22
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Next special case: (i, = 0[{/;})

1

@Wz = 0|(ki?)"?|h2 = 0)

= Al1(1) . -A/1(/12)</42 =0, 115 — ha, s — h2, k5 + ha|hz = 0)

.
31!

"M _
A1 a /12—|-I'—1.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Next, the most general case: ({l,fj}|{l,-j}>

{30 = (R = 11K21{})
- Ag)“Q — 12— 1) +Ag1)<1/2 —hz =1, bi =1, h3+1)

<

After p' iteration, for example if p = I}

p 1
SIS (AVAD . AD) (hy = Olhz — p+ G hz — G, by — @,z + Q)
a=0 [{si}q |

with {s;j}q =P | 1,1,...,1,0,0,...,0

/

gtimes p—gqgtimes
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Normalization of local loop states: Iterative

normalization

{iH0}) =

Iz / ho—ll4q( 1 /
0 = 12t q ([ — 1.
AN 4@ a2 | (E1) (5 +he = b+ 9)! g
S1 Sp v vt 8,1/2 /1_!(/12 _ // o q)| 1"
=0 | |{si}q 12 12
Ot 1ty hah2 Ot 11y b ha Ottty ks —ha Ol 1301 b
v
i el g (hpthithathithet1-a)t  (bit kit +1)!
a ho =l +q+i—1 M2 ™ (s — ) (g + bz + 5 + s + 1)1 (i — @)t (hs + 7 + bz + 1+ q)!

ks + L7+ s +1+q)!
><(12 17+ 15 q) «

(h1+1) (s +1)
g+ (h+hp+ 1) " #
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Strong Coupling Perturbation Expansion

The strong coupling vacuum satisfying He|0) = 0
The state with no loop present

Unperturbed vacuum energy Eéo) 0.

Rayleigh-Schrodinger perturbation theory gives the corrections
to the vacuum energy as:
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Corrections to Eéo)

First order:

<0|H/|0> =0, H = Hmag

= All odd orders of corrections to vacuum energy do vanish

Only Even order corrections do contribute ]
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Leading order correction:

-y (O[H)|ny)(n4|H,|0) |(n4|Hy|0)?

(m|ns) (Eo — Eg") (m|n) (Eo — Ey")

ny#0 n#0

m For a N-plaquettes latice, N no. of |ny) states created by a single
action of TrUpjaguette ON |0).

m For the single plaquette states E;" = 4 x % =3.

) = 1|2TrUpia uette|o>| 1 . 22
R=TR -1 *(ax3 " =3

This correction matches exactly to current literature.

Indrakshi Raychowdhury Institute of Mathematical Sciences,| Loops in SU(2) Lattice Gauge Theory



Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

To check the viability further:

Next to leading order correction E(()4)

3 (O[Hy|m) (n1|Hj|ng) (n2| H|ng) (ns | H[O)

(7 (MM} {n2ln2){ns|ns) (Eo— Eg") (Eo — Eg?) (Eo — Eg°)
_E® (O[Hy|m)(n1|H,|0)

Py (m|m) (Eo — EJ')°

{m}xo

m |n) as well as the |n3) are the single plaquette states, located
anywhere on the lattice.

m Another intermediate state |n.) which is a two plaquette state.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2

2
m Two completely overlapping plaquettes |np) = |L(X) = 2) with Eg2 =4 x > (— + 1) =8.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2

2 /2
m Two completely overlapping plaquettes |np) = |L(X) = 2) with Eg2 =4 x > (— + 1) =8.
m Two separate plaquettes with overlap along any of the link:
o) = Hylny) = |L(%) =1, L(% * e;(Fep)) = 1), four possibilities, with

np 2 1 /1 13
E? = — 7+1)+6><—<—+1 =—-
2\2 2\2
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2

2 /2
m Two completely overlapping plaquettes |np) = |L(X) = 2) with Eg2 =4 x > (— + 1) =8.

m Two separate plaquettes with overlap along any of the link:
o) = Hylny) = |L(%) =1, L(% * e;(Fep)) = 1), four possibilities, with
np 2 1 /1 13
E? = — 7+1)+6><—<—+1 =—-
2\2 2\2

= Two plaquettes are touching each other at one of its four corners, i.e
[no) = Hylny) = |L(%y) =1, L(X £ ey £ e2) = 1), four possibilities with Egz =6.
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2

2 /2
m Two completely overlapping plaquettes |np) = |L(X) = 2) with Eg2 =4 x > (5 + 1) =8.

m Two separate plaquettes with overlap along any of the link:
[n2) = Hylny) = |L(X) =1, L(X £ eq(£ep)) = 1), four possibilities, with
ny 2 1 /1 13
Ey :7<7+1)+6><7<—+1) = —.
2\2 2\2 2
= Two plaquettes are touching each other at one of its four corners, i.e
[no) = Hylny) = |L(%y) =1, L(X £ ey £ e2) = 1), four possibilities with Egz =
m By the action of type (b) terms in the Hamiltonian, the two plaquette state with verical extension of two
lattice units and horizontal extension of one, i.e

e
In2) = Haslny) = L&) =1, L% % ep) =1, Ny (% ?2) = 1) two possibilities with

171
E52:6x7(7+1>:
2 \2

N ©
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

Possibility for the two plaquette states:

= Two disjoint plaquettes qith no overlap: |no) = Hy|ny) = |L(%) = 1, L(%2) = 1). N — 9 possibilities with
1 /1
Ep2 =8x ~ <7+1) =6.
2 \2

2 /2
m Two completely overlapping plaquettes |np) = |L(X) = 2) with Eg2 =4 x > (5 + 1) =8.

m Two separate plaquettes with overlap along any of the link:
[n2) = Hylny) = |L(X) =1, L(X £ eq(£ep)) = 1), four possibilities, with
ny 2 1 /1 13
Ey :7<7+1)+6><7<—+1) = —.
2\2 2\2 2
= Two plaquettes are touching each other at one of its four corners, i.e
[no) = Hylny) = |L(%y) =1, L(X £ ey £ e2) = 1), four possibilities with Egz =
m By the action of type (b) terms in the Hamiltonian, the two plaquette state with verical extension of two
lattice units and horizontal extension of one, i.e
e
[n2) = Hzslm) = [L(%) =1, L(% £ &) =1, Ny(X = ?2) = 1) two possibilities with
1 /1 9
Ep2 =6 x 7(—+1>:7.
2\2 2
= Similarly, two plaquette state with verical extension of one lattice units and horizontal extension of two, i.e
e 9
[n2) = Hp4ln) = |L(X) =1, L(% £ &) =1, No(X &= ?1) = 1) with £)2 = 3
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Hamiltonian Dynamics on physical loop Hilbert space
Loops and their dynamics Check for the viability of the formulation

4th order correction to vacuum energy:

Explicit calculation incorporating all the coefficients for the
Hamiltonian actions and the norm of each state calculated
yields,

2x163 _ \ o4 163

(4) _
B = N34 x 13 8424

(18)

At this order also the result matches exactly (i.e upto 12th
decimal place) with the present literature

Proves the viability of our formulation.

In the same way the strong coupling perturbation correction to any
loop state can be performed within this scheme and note that this
scheme is independent of any cluster size or lattice size.
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m Prepotential formulation: Local loop formulation.

m Local Loop operators and states: The diagrametic
techniques, a set of ‘lattice Feynman rules’ to perform all
computations diagrammatically bypassing long and tedious
algebraic calculations.

m Introducing Fusion variables: Most suitable for
Hamiltonian Dynamics.

m Enumeration of loop states by fixing integer valued
quantum numbers throughout the lattice.

m Physical loops: Non-intersecting, true for any dimension.

m Complete loop dynamics is represented by fusion quantum
numbers.

m Completely geometric method without using complicated
Clebsch-Gordon coefficients and hence generalization to
higher SU(N) group is possible.
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