Superconformal
Chern-Simons-matter theories
coupled to superconformal gravity

Motivation: » Three dimensions
- Fun

- M2 branes
- Condensed matter

Outline: . extended superspace approach
- on-shell equations
- classification of gauge groups
— supersymmetry enhancement
— gauge groups in presence of supergravity
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3d susy algebra

/ SO(N) R-symmetry SO(2,1) Lorentz

{Dg, D3} = 2i8" (v*)ap0a
/

S1(2,R)=spin(2,1) Lorentz

Supercovariant derivatives:

Dy = 0, +i6"7(y*)ap0a



Extended gauge multiplet

{@é,@g]} = 216" Dpg + F 5

_@({47@1? — Féb
:Qa,@b_ — L'ab

Constraint: Fozﬁ — igaﬁ WIJ ,Gauge multiplet*

Jacobi identities l
Fozlb ~ (Yb)aﬁ@B]WIJ
Fob ~ (Yab)** DLD5 W1,



Matter: Scalar multiplet

(on-shell) condition:

1 . 1
@aQi — 1(2 Aa)z'¢
Parametrisation:

2L Ag =: /H{aﬁ) - eaﬁ{{f
/ Closure of susy l
algebra
ZI@(X@Q
Z[JHI] _ WIJQ

Only task: To solve this for H d

idea from Gran, Greitz, Howe, Nilsson 2012

spin(IN)




what is H?! ?
E[JHI]:WIJQ

whatis W17 interms of matter? ~ » dimension one

WHQ =a(Q4Q) 77Q

J
MY G
auge group
WA generator

Fup ~ (Ya)*’ DL2IW 15 ~ eane (Q2°Q — QZ°Q)

Indeed

Chern-Simons equation of motion: F,p = EachC




group factor (TA)Z'j (TA) ki WQ = QX1 72Q)(1AQ)k

SO(N) 2051i0 1 2(QF X7 QNQ,
Sp(NV) 2082, 2(QF X QNQ,
U(1) —q%578,! —*(Q' X1 Q1) Qx,
SUN) %818, — 88, %(Q'Z1VQ)Qk — (Qu 2!/ QHQy
U(N) 515 ~(QkZQHQ,

bifundamental representations: | Y17 frll — WIJQ 4+ QV”

right-acting (Qw’v EUQ@U)Q,UID (Qv v E[JQ@U ) wa

left-acting QwU(QTJU ZIJQUU_J) wa (Q@UZIJQUE)

examples: U(N) U(1)



what is H' ?

All possible terms cubic in Q and ranks-1

<
Hfz{(\zf )QQ} + .+ .. +{(QXTQ)QY + ...

{...} all possible gauge index combinations of rank-1

E[JHI] | — only rank-2 bilinears are allowed

Result (comes out for all N):

AN ={(QX"Q)Q - (QXQ))}

right- and left-acting terms with same gauge index structure



* N=4,5,6

what is H' ?
SUET = Q5 0)Q - Q(QEQ)}

Which groups fulfil this? » bifundamental matrix products

UMXUN)  (Q," 2" Q")Q," — Q,7(Q:" 2 Q,")
SU(N)XSU(N), bl/c of cancelling ,U(1) terms*

o %(QUEZL]QEU)QwU_J 4+ %wa(QEUZIJQUE)
SUN)XSU(M)XU(1)°, with compensating U(1)° factor
SO(N)XSp(M), only for N=4,5 (with reality condition), for N=6 if N=2
fundamental SU(N)XU(1)° and Sp(N)XU(1)° (special limits of above)

These groups allow a solution for H d and closure of the algebra

(agrees with Gaiotto,Witten; Hosomichi, 3xLee, Park; Schnabl, Tachikawa 2008)



* N=7,8

what is H' ?
SUET = Q5 0)Q - Q(QEQ)}

For N=7,8 one gets (ZIJ) [37] Qz@k Qj

only possible with real SU(2)XSU(2)
where Q- = £"Q,," ewp

there it holds that

QiQk Ry = —35QuQ QK — 3Q1QLQ;



representation: fundamental bifundamental
N =4 SU(N), X U(l)a_a/N U(M), x UN)_,
SP(N)a x U(1) g SU(N)a X SU(N) 4
Sp(f\j)a X SO(N)—@
N =5 SU(N)q X U(l)a_a/N UM)y X U(N)_q
SP(N)a x U(1) g SU(N)q X SU(N) 4
Sp(M)g x SO(N)_,
N =6 SU(N), X U(l)a_a/N U(M), x U(N)g
SP(N)a x U(1) -4 SU(N)q X SU(N) 4
Sp(M), x SO(2),
N =T SU(2), x SU(2),
N =8 SU(2), x SU(2),




Relation of different N

——» via their SO(N) spin matrices

SO(N)/spin(N) algebra: e
Clifford algebra: viy? =810 441
— then 47 =—1v'7 generate spin(N)
Chiral representation: (0 1)
vi=0601l®..01 1 0 (o w)

,YQ,...,Qm _ iO'Q R ii/l""’N_l Selyam)

: 0 —1
Y* :y2m-|—1 i _lmyl ER .y2m — 03 1 ®..21

Yl 0 i .
Foreven N: v/ = ( A 2”) Pr=3%1£y") —» reducible

I e call them Clifford representations
Flxd _ §lJ L 517 and chiral representations



Relation of different N

9
N=4 chiral » N=4 Clifford

inclusion of /¢

Y* = y5 NI
inclusion of / ] ? ]
sy N=6 chiral » N=6 Clifford
inclusion of /¢
Y* L ,Y7 N=

This line has to be explored

regarding the form of f! P
| - sion of
and the calculation of 217 F'" ;ﬁuior; _ 1 N=8 chiral




Suppose the situation: (X7)(X;) ~ &, ¢ metric tensors

Then generally: H' = {(£'Q)QQ} + ... + {(QE'Q)Q} + ...  andno (E7K)(Zk)

!

in order to get rank-2 bilinears: (Z[‘])(ZI]) ~ (6)(2”)

_ 9o
N=4 chiral L LT N=4 Clifford
(VNI osisd INb - 0 (203
([fl)z'z‘(il])j; - 25? 5% o = ((Zf)ij 0 ) realises USp(4)=spin(5)
CHAIHOI i ii N=5
SU(2) indices o (80 e-->
i

k i
(Y (v = 25%& (VU)]' N=6 chiral

follows from ¢kl (1), = —2(y1)¥ SU(4) (El)ija R
or from SU(2) properties

d
]

HYY = —a(yH" (@i g — aid'a) + 26v1) 7 ;7 q;)




(2D (Z™ = —4858) (v (y1)88 fails b/c of complexness

P g > of spin(6)=SU(4)
EhicEnE 2 YDA E )
N=6 chiral » N=6 Clifford
N=6 chiral p N=6 Majorana ¢. = <Q>
realises spin(7)
in a real basis:
Y)Y ik = 8idji — 8i(;k N=7
Fierz lemma:
805cbrd = 0,406t Vel ¢k aVeaee w ol Db
Yab Ved = SOaicYili — Yab Yed _
> 85y = 8’ — Ty N=8 chiral
E SOl Ve Yo g i (&) (X7 )
_ I I - — I~ IK K _ = I*_ % -
N=6M  Hp =y |@qiq — Q) + Yij4i959k — VYij Y9959 — Yij Yki9i4;541

N=T  Hj =vi a@ie — a@a) + ijq@ﬁj% — YngYﬁ{lQingZ
N=8ch Hi =(2'), [QQiQi — QiQiQs] — (2'7)i;(£5)5Q:Q;Q




supergravity
Extended curved superspace: |ocal structure group SI(2,R)XSO(N)
M P
Superalgebra:

(Da, Dy = —TapSPc+ 1R, ;" O Npg + LR\ Mo

Weyl invariant constraints:

T = —18" (1) ap

o For anti de Sitter, only
J,
Taﬁ,?( — (7&)57KJK 4+ (,yb)ﬁ’)’LabJK K1 — sl £ ()
Yo 8
Tab,K T !I/ab,K

super Jakobi identity implies:

(DL, 2]} = 216" Do + e g (W”KL + 45KUKJ]L) N + 8K A5

T

super Cotton tensor



Supergravity-matter coupling
SO(N) field strength
B Gae 2 2

coupling to matter
WIJKL = A _EL]KLQ

16
Z[JH[] _ _% (W[JKLZKL —|—4KZ[J) Q

solvable with W"*" off shell for N=4,5,6
special U(1)

—Q- R-symmetry factor
e.g. N=6: /
(2., 251Q = 21(7)0pZaQ — 3€asWpo X279 Q + qeapW '’ Q — 2ie0s K X' Q

Hi, = —iWpoX'"CQ +iWw'h ZrQ + 2K 51Q

W = Fil@ZMQ
Hi' = =21Q:Q8|(2DH1Q + &1Q:Q | (ENHH Q) + 2K £1Q



Modification of groups

Keep the ansatz general

H!l. = XWpoE'PeQ + YW Sp@Q + 2K 57 Q

solve it together with gauge groups ansatz
TV Hyg =3[2iX(QiQ°| (27 Q)p — i(6X +Y)(2™),/|QiQ™ | Qm
—i(2X - Y)|QrQ’ (27 Q); +1(2X — Y)|QZVQ|Qk] - 2K X7 Q
sUED —

reproduce the supergravity sector and potential field strengths



representation: fundamental bifundamental
N =4 SU(N)a x U(1)g—a/n UM)y x U(N)—q
Sp(N)g x U(1)_4 SU(N)y x SU(N)_4
Sp(M)a x SO(N)_,
+SG
N =5 SU(N)a X U(1)4a/n U(M)y x U(N)_q
Sp(N)g x U(1)_g4 SU(N), x SU(N)_,
Sp(M), x SO(N)_q,
+SG
N =6 SU(N), X U(l)a_a/N U(M)y X U(N)q
Sp(N)g x U(1)_g4 SU(N)y, X SU(N)_4
Sp(ﬂj)a X 80(2)(1
+SG SU(N) x U(1) SU(N), x SU(M),
N = SU(2)q % SU(2)a
+SG SO(N) /16 SU(2)a X SU(2)q—x/s
SU(*N)—A/S X U(l)(Q—N)A/ls
N =38 SU(2)q x SU(2)a
+SG SO(J\-")_;\/S SU(2), X SU(Q)Q_)\/4

SU(N)_xa X U(1)(2—n)ns




Comments

* Things are for free In superspace

* On-shell approach is a quite universal treatment
of different N

* Gravitationally coupled theories
- Realise topologically massive gravity with fixed scale

- Possible applications for M-theory or condensed
matter

- Relevant for adS/CFT with free boundary
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