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!Flavor singlet interaction
1) No quark interchange
2) Multiple gluon exchange plays essential role
→ Interaction is described by color van der Waals interaction, which is 
weakly attractive in principle.  (e.g. -1/r7 behavior given by color dipoles) 
                                                         H. Fujii and D. Kharzeev PRD60, 114039 (1999)

Why ccbar-nucleon interaction ？
This is Ideal system to 
study the effect of the 
multi-gluon exchange.

Method aJ/ψ-N

Brodsky et al. PLB412 (1997) 125 pQCD 0.24
Hayashigaki, PTP. 101 (1999) 923 QCD sum rules 0.12

Yokokawa et al., PRD74 (2006) 034504 lattice 0.71(48)
Liuming et al., arXiv:0810.5412. lattice 0.24(35)

Note that “a>0” means attractive!Scattering length aJ/ψ-N



Why ccbar-nucleon interaction ？
はじめに

•拡がる”エキゾチック原子核”の世界
•ハイパー核（Σ,Λ,Ξ粒子＋原子核）
• K中間子-原子核束縛状態
•η中間子, φ中間子原子核
•反物質を含む原子核
•チャーモニウム(ccbar)原子核、、、、

Introduction
チャーモニューム原子核

チャーモニューム原子核の存在の示唆
ポテンシャルを湯川型引力に仮定。
A ≥ 3のとき、束縛状態の実現する可能性が
ある。
J-PARC、GSIで観測できる可能性?

Brodsky et al.,

PRL 64 (1990) 1011

⇒ チャーモニューム-核子間のポテンシャルを精密に決める必要がある。

チャーモニューム核子相互作用
クォーク交換力を含まない。
多重グルーオン交換が支配的。
QCDからの理解が不可欠。
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!If such an attraction is strong enough, 
charmonium may be bound to 
the nucleon or to the large nuclei.

!Flavor singlet interaction
1) No quark interchange
2) Multiple gluon exchange plays essential role
→ Interaction is described by color van der Waals interaction, which is 
weakly attractive in principle.  (e.g. -1/r7 behavior given by color dipoles) 
                                                         H. Fujii and D. Kharzeev PRD60, 114039 (1999)

This is Ideal system to 
study the effect of the 
multi-gluon exchange.



Why ccbar-nucleon interaction ？
The ccbar-nucleon couples little to other hadronic channels.

     m!c=2.98GeV  mJ/"=3.097GeV   mD#1.87GeV   m$c=2.29GeV

1)The J/ψ(ηc) mass is below the DDbar mass by more than 600(700) MeV.
  J/"(ccbar) % D+ + D-  (forbidden       ) (ssbar) % K+ + K-   ○allowed 

  3.097GeV     3.74GeV                              1.019GeV    0.987GeV
  '(bbbar)  %  B+ + B-   (forbidden
  9.460GeV     10.56GeV

 2)The J/ψ-N(ηc) mass is below the Λc-Dbar mass by above 120(220)MeV.

      Mass(J/"-N) = 4.0352 ± 0.0001 GeV    Mass($c-Dbar) = 4.1561 ± 0.0002 GeV

All other OZI-allowed hadronic states with the same quantum number of 
ccbar + N  have higher masses.

%Width:&(J/")=0.093MeV, &(')=0.054MeV



Model study of nuclear-bound charmonium

!A semi-quantitative study of the charmonium-nucleus bound state 
was given by Brodsky et al.          Brodsky, Schmidt, de Teramond, PRL 64 (1990) 1011

1. A simple Yukawa-type potential is assumed for the ccbar -N system.
 

2. The ccbar-Nucleus potential 

V (r) = −γ
exp(−αr)

r
γ=0.4-0.6 α=600 MeV
fixed by Pomeron exchange model 

Vcc̄-A(r) ∼ A× Vcc̄-N (r)

They predicted a formation of nuclear-
bound charmonium when A ≧ 3.
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Model study of nuclear-bound charmonium

Method ccbar-3He Binding 
energy  [MeV]

Brodsky et al
PRL 64 (1990) 1011

Variational calculation 
 
 

-19

D. A. Wasson
PRL 67 (1991) 2237

Folding Model
-0.8

V. B Belyaev et al 
NPA 780 (2006) 100

4-body calculation -12.6

Vcc̄-A(r) =
�

d3�r�ρ(�r�)Vcc̄-N (�r − �r�)

Vcc̄-A(r) = −γ
exp(−αr)

r

!Precise information of the ccbar-N potential Vcc--N(r) is 
indispensable for exploring nuclear-bound charmonium state.

! Several calculation about charmonium-nuclear bound state are carried out. 
All results indicate that formation of the bound state is started from A=3

Note: these calculations assumed a simple Yukawa form for the cc !-N interaction, 
which parameters are barely fixed by a phenomenological Pomeron exchange model 



Our strategy 

Fermilab approach for heavy quark: RHQ action1,2,3

Lüscher formula with 
twisted boundary conditions6

Scattering length a0
Effective range r0

ccbar-N potential

Theoretical input 

Lattice calculation

Exact few body calculation7, EFT, .....

N
f2+1 full Q

C
D

 calculations

Q
uenched Q

C
D

 calculations

[1] A. X. El-Khadra et al, PRD55 (1997) 3933
[2] S. Aoki et al., PTP109 (2003) 383
[3] N. H. Christ et al., PRD76 (2007) 074505
[4] N. Ishii et al., PRL90, 022001 (2007)
[5] S. Aoki et al., PTP123 (2010) 89

[6] P.F. Bedaque, PLB593 (04) 82
[7] E. Hiyama et al., PPNP51 (2003) 223

Aoki-Hatsuda-Ishii approach4,5 
for hadron-hadron potential

Precise information of the ccbar-N interaction   



CCbar-nucleon potential



!Heavy quark mass introduces discretization errors of O((ma)n)

✓ At charm quark mass, it becomes severe: mc ~ 1.5 GeV and 1/a ~ 2 GeV, then mca ~O(1).

!The Fermilab group proposed  relativistic heavy quark action 
(RHQ) approach where all O((ma)n) errors are removed by the 
appropriate choice of m0, ξ, rs, CB, CE .        

 

We take the Tsukuba procedure in our study.
                          Y. Kayaba et al. [CP-PACS Collaboration], JHEP 0702, 019 (2007).

Slat =
�

n,n�

ψ̄n�(γ0D0 + ζ−→γ ·−→D + m0a−
rt

2
a(D0)2 − rs

2
a(
−→
D)2

+
�

i,j

i

4
cBaσijFij +

�

i

i

2
cEaσ0iF0i)n�,nψn

Relativistic heavy quark action

A. X. El-Khadra et al, PRD55 (1997) 3933
S. Aokki et al., PTP109 (2003) 383
N. H. Christ et al., PRD76 (2007) 074505



Hadron-hadron potential

Eφ(�r) +
1

2mred
∇2φ(�r) =

�
d3r�U(�r,�r�)φ(�r�)

U(�r,�r�) = Vηc−N (�r)δ(�r − �r�)

For ccbar-N scattering at  low energy 

Interpolating operators N(�x) = �abc(ut
aCγ5db)dc(�x)

ηc(�y) = c̄γ5ca(�y)

Reduced mass   mred = mηcmN /(mηc+mN ) 

!Schrödinger type equation for general cases.  

U(�r,�r�) = V (�r,�v)δ(�r − �r�)

V (�r,�v) = V0(r) +
1
2
{Vv2(r),�v2} + Vl2(r)�L2 + · · ·

Velocity expansion  

!Equal-time Bethe-Salpeter (BS) amplitude  
M. Lüscher, Nucl. Phys. B 354, 531 (1991)

Fηc-N (�x, �y, t; t0) = �0|N(�x, t)ηc(�y, t)Jηc-N |0�

=
�

n

An�0|N(�x, t)ηc(�y, t)|n�e−Wn(t−t0)t

→ A0φ0(�r)e−W0(t−t0)t t � t0, �r = �x− �y
BS wave function



Quenched Lattice



! Quenched QCD simulation 

!Lattice size: 
L3 x T = 323 x 48,163 x 48 (La ≈ 3.0,1.5 fm)

!plaquette action (gauge)  β=6.0  (a=0.093 fm or a-1=2.1GeV)
+ non-perturbative O(a) improvement action (up & down) 
+ RHQ action with one-loop PT coefficients (charm)
                        Y. Kayaba et al. [CP-PACS Collaboration], JHEP 0702, 019 (2007).

!Statistics : 602 configs

! Quark mass
 - charm  κQ = 0.10190  mηc= 2.92 GeV
 - Light 

Lattice set up

3fm
クエンチ近似の下での計算結果

セットアップ

クエンチ近似

格子サイズ
L

3 × T = 323 × 48, 163 × 48

Plaquette作用
+

clover作用 (light), RHQ作用 (charm)

ゲージ配位数 395

クォーク質量
charm: κ =0.09495 mηc =3.47GeV
light:

κ 0.1342 0.1339 0.1333
mπ [GeV] 0.64 0.73 0.87
mN [GeV] 1.43 1.52 1.70

3fm

0.093fm

Introduction Relativistic heavy quark action BS 波動関数 クエンチ近似の下での計算結果 計算結果の解析 結論 ポテンシャルのソース依存性14/ 48

Wall source

t = 4 t = 5
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masses of ηc and nucleon

Nucleon  
mN = 1.4339(66), 1.5258(53), 1.7030(44) GeV

ηc  
mηc = 2.91761(16) GeV 

Result of the charmonium-light hadron system

Taichi Kawanai

1 Effective mass

κ amηc [tmin, tmax] statistics
0.10190 1.37753(16) [25,39] 601

κ amπ [tmin, tmax] amN [tmin, tmax] mηcN [tmin, tmax] statistics
0.1342 0.3014(3) [15,34] 0.6770(31) [17,33] 0.4535(14) [17,33] 601
0.1339 0.3414(3) [15.34] 0.7204(25) [17,33] 0.4727(23) [17,33] 601
0.1333 0.4115(2) [15,34] 0.8041(21) [18:28] 0.5073(8) [18,37] 601
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2 BS wave function
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"“S-wave” BS wave fucntion can be projected out as  

R represents an element of cubic group. The summation over R 
and x projects out the A1+ sector of cubic group and zero total 
momentum.

"The “S-wave” ηc-N wave function.

 ηc-N wave function
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φ(�r) =
1
24
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ηc-N potential
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‣V(r) is adjusted as V(r)=0 for r>1fm
          → Energy shift E

‣The reduced mass is estimated 
   from 2pt correlation functions
‣∇2 denotes the discrete Laplacian 

1
2mred

∇2φ(r)
φ(r)

= V (r)− E



 ηc-N potential
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‣The ηc--N potential exhibits entire attraction without any repulsion.
‣The interaction is exponentially screened in long distance region. 
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J/ψ-N potential

‣ The attraction of J/ψ-N potential is slightly stronger than that of ηc-N.
   →Ordinary van der Waals interaction is sensitive to the size of charge distribution.

c
c

u
u d

r
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Spin average

multigluon exchange, the resulting potential is expected to
be less sensitive to the reduced mass of the considered
system ignoring the internal structures of the !c and
nucleon states.

If one takes a closer look at the inset of Fig. 2, it is found
that the nature of the attractive interaction in the !c-N
system tends to get slightly weaker as the light quark mass
decreases. Does this mean that the strength of the !c-N
potential at the physical point becomes much weaker than
what we measured at the quark mass simulated in this
study? The answer to this question is not simple. It is worth
remembering that the ordinary van der Waals interaction is
sensitive to the size of the charge distribution, which is
associated to the dipole size. Larger dipole size yields
stronger interaction. We may expect that the size of the
nucleon becomes large as the light quark mass decreases.
However, the very mild but opposite quark-mass depen-
dence observed here does not accommodate this expecta-
tion properly.

Recent detailed studies of nucleon form factors tell us
that the root mean-square (rms) radius of the nucleon,
which is a typical size of the nucleon, shows rather mild
quark-mass dependence and its value is much smaller than
the experimental value up toM" ! 0:3 GeV (for example,
see [22]). At the chiral limit in baryon chiral perturbation
theory the rms radius is expected to diverge logarithmically
[23]. This implies that the size of the nucleon increases
drastically in the vicinity of the physical point. It may be
phenomenologically regarded as the ‘‘pion-cloud’’ effect.
We notice here that our simulations are performed in the
quenched approximation and at rather heavy quark masses.
We speculate that the c !c-N potential from dynamical
simulations would become more strongly attractive in the
vicinity of the physical point, where the size of the nucleon
is much larger than at the quark mass simulated in this
study.

We also have calculated the J=c -N potential. It should
be noted here that different total spin states are allowed as
spin-1=2 and spin-3=2 states in the J=c -N system. This
fact introduces a little complexity regarding the spin-
dependence on the J=c -N potential. The interpolating
operator of the J=c state is defined as h2;iðyÞ ¼
!caðyÞ#icaðyÞ, which carries the specific spin polarization
direction. Therefore, the four-point correlation function for
the J=c -N state becomes a matrix form with spatial

Lorentz indices, Gh1-h2
ij ¼ hh1h2;iðh1h2;jÞyi. It can be ex-

pressed by an orthogonal sum of spin-1=2 and spin-3=2

components [7]: Gh1-h2
ij ¼ G1=2P 1=2

ij þG3=2P 3=2
ij where

proper spin projection operators for the spin-1=2 and

spin-3=2 contributions are given by P 1=2
ij ¼ 1

3#i#j and

P 3=2
ij ¼ $ij & 1

3#i#j in the center-of-mass frame [24].

Then, each spin part can be projected out as G1=2 ¼
P

i;jP
1=2
ij Gh1-h2

ji and G3=2 ¼ 1
2

P
i;jP

3=2
ij Gh1-h2

ji where the in-

dices i and j are also summed over all spatial directions.

As a result, we can obtain the BS wave function and the
resulting J=c -N potential for each spin channel. Although
the lower-spin state (spin-1=2) is not free from the con-
tamination of the !c-N state through channel mixings [7],
we simply consider the spin averaged four-point correla-
tion function for the J=c -N system as

GJ=c -N
ave ¼ 1

3
G1=2 þ 2

3
G3=2 ¼ 1

3

X

i

GJ=c -N
ii : (5)

This procedure may provide only a spin-independent part
of the J=c -N potential through the same analysis applied
to the !c-N system.
We show our result of the J=c -N potential in Fig. 3

where the !c-N potential is included for comparison. The
J=c -N potential shows short-range attraction. Similar to
what we discussed in the !c-N case it does not have a
normal ‘‘van der Waals type’’&1=rn behavior. There is no
qualitative difference between the !c-N and J=c -N po-
tentials. Quantitatively, the attractive interaction observed
in the J=c -N potential is rather stronger than that of the
!c-N system as shown in Fig. 3, though it is still not strong
enough to form a bound state in the J=c -N system.
What is a possible origin of the stronger attraction

appearing in the J=c -N system? As was discussed previ-
ously, the attractive interaction in the c !c-N system tends to
be slightly stronger as the light quark mass increases. It
should be recalled that the reduced mass of the c !c-N
system is also changed through a variation of the light
quark mass. Supposed that the strength of the c !c-N poten-
tial depends simply on the reduced mass of the c !c-N
system, a mass difference of the !c and J=c state may
account for the difference between the !c-N and J=c -N
potentials. However, this is not the case. As shown in the
inset of Fig. 2, the !c-N potential gets deeper, when the
reduced mass of the !c-N system is increased by about
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FIG. 3 (color online). The central and spin-independent part of
the J=c -N potential at M" ¼ 640 MeV. The !c-N potential is
also included for comparison.
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volume & quark mass dependence 
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Nf2+1 Lattice



New technique for Aoki-Hatsuda-Ishii approach
T. Inoue et al. (HAL QCD Collaboration), arxiv:1012.5928

E1 − E0 ∼
1

2mred

�
2π

L

�2

∼ 90MeV

!  Saturation time we can take may possibly be too short to obtain 
the BS wave function for grand state of hadron-hadron system.

low energy excitation 

Time dependent  BS wave function

The two-body potential in low energy QCD dictates all the elastic 
scattering states simultaneously through the Schrodinger equation.

φ(�r, t) =
�

n

Anφn(�r, t) = GJ/ψ-N (�r, t)/e−2Mt

Central potential

φn(�r, t) = φn(�r)e−Ent = φn(�r)e−(Wn−2M)t

− ∇2

2mred
φn(�r, t) +

�
d3r�U(�r,�r�)φn(�r�, t) = − ∂

∂t
φn(�r, t)

VC(r) =
( ∇2

2mred
− ∂

∂tφ(�r, t))
φ(�r, t)



ccbar-N potential using PACS-CS 2+1 flavor 
dynamical configuration 

‣ Quark mass;  
    κud=0.13754 ,κs=013640 
    (mπ＝0.41GeV, mN=1.2GeV)

    κc  =0.106787 (mηc = 3GeV)

‣ Lattice size;   
     L3 x T = 323 x 64 (La ≈ 3.0 fm)

‣ # of statistics ;  250 

S.Aoki et al., PRD 79, 034503 (2009)

‣There is neither qualitative nor quantitative differences between 
the quenched QCD result and the 2+1 flavor QCD result.
‣ The ccbar-N potential may become more attractive in the vicinity of 
the physical point, where nucleon become more larger.
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Physical quantity calculated by potential

!By using the potentials which fit the lattice data, we can calculate 
observables such as the scattering length and effective range.

Scattering length aJ/ψ-N ~ 0.3 fm  
   effective range r0 J/ψ-N ~ 2 fm

! Finally, using the potential calculated from BS wave function, 
we solve the 2-body Schrodinger equation for J/ψ - A in the infinite 
volume with physical nucleon mass. we can observe the J/ψ-A 
bound state for A ≧ 7 with folding model.

Vcc̄A(�r) =
�

d3r�Vcc̄N (�r − �r�)ρA(�r�)Folding model

preliminary

D. A. Wasson PRL 67 (1991) 2237

7Li   B ~ 150 keV
12C  B ~  2 MeV

e.g.



Lüscher formula with 
twisted boundary conditions



Twisted boundary condition

• Generalized spatial boundary condition (b.c.)

• All momenta are quantized in finite volume as 

accessible to any small momentum with the angle φ 

φ＝0：periodic boundary condition (PBC)
φ＝π：anti-periodic boundary condition (APBC)

P.F. Bedaque, PLB593 (04) 82

ψ(x + L) = eiφψ(x)

p =
2π

L

�
n +

φ

2π

�
with integer n



Lüscher formula 
with twisted boundary conditions 

P.F. Bedaque, PLB593 (04) 82

p cot δ(p) =
Zd

00(1, q2)
Lπ

Zd
00(s, q

2) =
�

n∈Z3

1
((n + d)2 − q2)swhere

with d =
�

φ1

2π
,
φ2

2π
,
φ3

2π

�

which is defined via analytic continuation from s>3/2 to s=1
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Effective range expansion
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p cot δ(p) =
1
a0

+
1
2
r0p

2 +O(p4)

at mπ=0.64 GeV

Linear
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fit a0 [fm] r0 [fm] χ2/ndf

Linear 0.245(37) 1.18(53) 0.003

Quadratic 0.247(37) 0.56(64) 0.012

p cot δ(p) =
1
a0

+
1
2
r0p

2 +O(p4)

at mπ=0.64 GeV

Linear

Effective range expansion
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Scattering length and effective range

     aJ/ψ-N ≈ 0.3 fm      rJ/ψ-N ≈ 1.5 fm 



Summary

! Future perspective 

✓ We need to perform the simulation in lighter quark mass region.

✓ Exploring nuclear-bound charmonium state with theoretical inputs.

! We derived the ccbar-nucleon potential with quenched QCD simulations (pilot study) and 
Nf2+1 full QCD simulations (preliminary)

✓ The low energy ccbar-N interaction is attractive in the whole range of r.

✓ The Long-range part is likely suppressed exponentially. 

         No quark mass dependence up to mπ ~ 400MeV.

         No drastic difference between quenched QCD and Full QCD.

! Using extended Lüscher formula with twisted boundary conditions, we derived the the low 
energy scattering parameters 
                                    aJ/ψ-N ≈ 0.3 fm      rJ/ψ-N ≈ 1.5 fm 


