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1st day

1.Formulation
2.Sign Problem

Trials to escape 
from Sign Problem

Some Topics

2nd day

3rd day
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Super-Nova Explosion at the last stage 
of the Evolution of Stars
 4M   < M < 8M 
               Neutron Star

Central Region
　　1cm x 1cm x 1cm

　　~ 109 ton

Neutron Stars

1cm
1000x1000

x1000 x
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Finite density even in normal Nuclear Matter ?

ρ0=0.16～0.17/fm^3
ρ0

T

ρ

Using lattice QCD, 
we want to study 

here !
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L = ψ̄ (iγµDµ −m) ψ

−1
4
TrFµνFµν

Z =
∫ ∏

d ¯ψ(x)dψ(x)dAµ(x)

×e−
R β
0 (LGluon+ψ̄∆ψ)

Z = Tr e−β(Ĥ−µN̂) β ≡ 1/kT

6

QCD at Finite T and ρ
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Lattice QCD

1st Principles Calculation

Sound Base for Hadron/Quark 
Systems at finite Temperature 
and Density
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Z =
∫ ∏

dAµ(x) det∆ e−SGluon

∆ = iγµDµ −m− µγ0

1
kT

8

Quark Matrix

Space-Time Lattice

Limited
Length
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Z =
∫ ∏

dAµ(x) det∆ e−SGluon

∆ = iγµDµ −m− µγ0

1
kT

8
Lattice Spacing

a

Quark Matrix

Space-Time Lattice

Limited
Length
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Z =
∫ ∏

dAµ(x) det∆ e−SGluon

∆ = iγµDµ −m− µγ0

1
kT

π

a
8

Lattice Spacing
a

Quark Matrix

Space-Time Lattice

Limited
Length
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Z =
∫ ∏

dAµ(x) det∆ e−SGluon

∆ = iγµDµ −m− µγ0

1
kT

π

a
8

Lattice Spacing
a

Momentum Cut-Off
of this field theory

Quark Matrix

Space-Time Lattice

Limited
Length
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=

On the Lattice

2011年3月21日月曜日



Lattice QCD with Chemical Potential

A natural way to introduce 
the chemical potential

δx+µ̂,x → eipµa

U4(x)δx+4̂ → U4(x)eµaδx+4̂

2011年3月21日月曜日



11

Chemical Potential in Lattice Actions
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Ready !
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Quark/Gluon/Hadron 
System at T>0 and    >0µ

QCDLattice

Monte Carlo 
Simulations

Quantum
Field Theory

with Boundary
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Sign Problem 
in Finite Density QCD

13

I cannot use
Monte Carlo ?!
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Finite Density QCD 
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For

Real

(in general)

Complex

Complex Sign Problem

For
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if the phase θ fluctuate rapidly.

Difficult to study
 the real QCD 
because of the 
Sign Problem !

Glory of
finite density
QCD World !
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Wilson Fermions

KS(Staggered) Fermions

Physical Origin of Sign Problem
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Only closed loops survive.

-dependent terms

Add both terms
: Polyakov Loop

Lowest
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There are cases 
where No Sign Problem

19

Really ?

Think and then
You can easily
find them.

They are not
our final Solution,
but informative.
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1. Imaginary Chemical Potential
  
  

2. Color SU(2)

3. Iso-Vector Type（finite iso-spin)

No-Sign-Problem Cases

(Phase Quench)

20

2011年3月21日月曜日



(
∗ ∗ e+µ/T TrL + ∗ ∗ e−µ/T TrL†

)

×
(
∗ ∗ e−µ/T TrL + ∗ ∗ e+µ/T TrL†

)

1.Imaginary Chemical Potential:

2.Color SU(2): 
eiµI/T TrL e−iµI/T TrL†

TrL Real

3.Finite-Isospin
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I heard that the
Sign-Problem was

solved by 
Fodor-Katz.

Multi-Parameter Reweighting
Truth and Misunderstanding
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Towards large density QCD
What is a real Obstacle ?

m
Re

Im

0
Eigen Value 
Distribution

Multi-parameter Re-weighting by Fodor-Katz

Measure Reweighting Factor
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When µ increases

Eigen Value Distribution

Re

Im

0 m
μ Conjugate Gradient to 

calculate 

does not converge
(Imaginary chemical Potential 
calculation does not have this 
problem.)
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All full QCD update algorithms 
require 
Fodor-Katz algorithm does not 
calculate          ,   but evaluate 
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Fodor and Katz
Multi-parameter reweighting 
technique

Allton et al. (Bielefeld-Swansea)

Taylor expansion at high T 
and low µ 
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Fodor-Katz, JHEP03(2002)014

Standard gauge 
       + Staggered fermion
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Talor Expansion
• Simple Idea

– Difficult at finite µ ? Then Taylor-Expand at µ=0.

– Gottlieb et al. Phys. Rev. D55 (1997) 6852 で

– QCD-TARO: Phys. Rev. D65 (2002) 054501          Screening Mass
– Swansea-Bielefeld: Phys. Rev. D66, 074507 (2002)           EoS
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Allton et al. (Bielefeld-Swansea)

Improved action 
+ Improved staggered fermion

170 MeV

µa=0.29
µ
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×

=
< O × R . F . > 0

< R . F . > 0

Reweighting Factor

32

Measure Reweighting Factor

=

2

Reweighting Factor should be “LARGE”.
“LARGE” ? It is a function of U.

Large Contribution ?

Small Fluctuation ?

S.Ejiri, Phys.Rev. D69 
(2004) 094506
hep-lat/0401012

Here
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〈O〉 =
〈O ×RF〉0
〈RF〉0

=
〈O × e2iθ eF eG〉0
〈e2iθ eF eG〉0

=
〈O × e2iθ eF−〈F 〉0 eG−〈G〉0〉0
〈e2iθ eF−〈F 〉0 eG−〈G〉0〉0

=
〈O × e2iθ e∆F e∆G〉0
〈e2iθ e∆F e∆G〉0

33
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β0=1.80

β0=1.95β0=1.90

β0=1.85

Preliminary(( F + G ) − < F + G > )2
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                       deForcrand and Philipsen hep-lat/0205016
D’Elia and Lombardo hep-lat/0205022)

 At small µ

Standard gauge 
       + Staggered fermion

Z(3) symmetry

Imaginary Chemical Potetial
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ψ̄("x, ti)eµU4("x, ti)ψ("x, ti + 1)

eNtµU4(!x, ti = Nt)

= eµ/T U4(!x, ti = Nt)

Roberge and Weiss, Nucl. Phys. B275[FS17](1986)734-745

Change variables as

At the temporal Edge 

ψ("x, ti)→ e−tiµψ("x, ti) ψ̄("x, ti)→ e+tiµψ̄("x, ti)

ψ̄("x, ti)U4("x, ti)ψ("x, ti + 1)
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eiφU4(!x, ti = Nt)

(0, 2π/3)

φ = µI/T

φ→ φ +
2π

3
U4(!x, ti = Nt)→ eφ−2π/3U4(!x, ti = Nt)

At the temporal Edge 

Imaginary Chemical Potential

It can be considered as a special 
boundary condition.

The Gauge action has Z3 invariance

All information is contained in

an element of Z3
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If µ is pure imaginary

Phase diagram in µI regions

Polyakov loop

there is no sign problem.

a la Reberge-Weiss

Expected

QGP

Hadron
L ~ 0
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Imaginary to real chemical potential

2011年3月21日月曜日



Ph. de Forcrand, O. Philipsen
arXiv:0811.3858 
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• Two-flavors (u and d) have opposite sign of 
the chemical potential: 

In other word

Finite-Isospin 
(Iso-vector Chemical Potential)
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µ ≤ mπ

2

Phase Quench vs. QCD

42

• Is the phase quench QCD similar to the real 
QCD at finite density ?

• They are very similar to each other for

Kogut and Sinclair.arXiv:0712.2625v2
  The coefficient of      in the fit        
  is the same as that of deForcrand
  and Philipsen.
  They don’t see the critical point as
  deForcrand and Philipsen not.

µ2 βc(µ2)
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D.Sinclair. Finite Density Workshop at Nara.

Do we have chance to calculate 

?

No, because they are different theories.
Yes, because this is the best we can do.
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Two-Color Model

• For Color SU(2) case,

Real !

for
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Quench Simulation ?

• Barbour et al. found

• Stephanov shows

Quench

Barbour et al., Nucl. Phys. B275 
(86) 296

in the Chiral limitµc → 0

Nf → 0 limit of QCD
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