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Overview

@ Introduction

@ Abelian gauge fields in two dimensions

@ Wilson fermions

@ Pauli-Villars regularization of chiral fermions
@ Overlap formalism

® Chiral anomalies

Thursday, March 17, 2011



Chiral Gauge Theories

@ Strong interactions
@ Vector like gauge theory
@ Spontaneous chiral symmetry breaking
@ Axial anomaly and instantons
@ Electroweak interactions
@ Chiral gauge theory
@ Anomaly cancellation

@ 't Hooft vertex
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Abelian gauge theories in two dimensions

@ Schwinger model (like strong)
@ Chiral Schwinger model (like Electroweak)

@ Clean split of the lattice gauge fields into
@ Torons
@ Gauge orbit representative
@ Gauge transformations

@ Topological piece

® Fermionic index
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Abelian gauge fields on a 2d lattice

7 Finite lattice
@ Periodic boundary conditions

(n17n2 + 1) g(nlynQ + 1)

A

(n1,m2); 0 <my < Ly and 0 < ng < Ly
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(nlﬁ nZ) Uy (nl, ’n,z) (nl +1, ’nz)




Continuum limit

Li — 1, and % — 1, fixed
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ko=0 k1=0

Top Right Plaquette

Li—1Ls-1

5 Bk k) = 200

k1=0 ko=0

E: Topological charge
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(nq, nz)e—ix(nl,nz)ei[d)(m mn2—1)—¢(n1,n2)] gix(n1+1,n2)

(1, ng)e—X(1,m2) gil#(n1,12) ~B(n1 ~1n2)] gix(ma 2 +1)

0<ni < Li; 0<ng < Ly;
fO0<ni<Liand0<ny <Lgs—1

if 0 <nj; < Lj and no = Lo
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Continuum limit

1 2mQ

—— + Oi1x(z1,22) — Oodp(T1,22) — -T2
b l1ls

7I'h2

Az(z1,22) = T + O2x(z1,22) + O10(z1, 22).

2m(Q)
l1ly

D¢($1,$2) — (6% + 8%) ¢(xla 1172) - 6(331,5132) T
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Massless Dirac operator - Topological Zero modes

(O
y 02=1\ .
i

.h

whyz) , .whaxy | .
1 B +1 o +1x

270

Y(Ty +11,22) = Y(21,22); Y(T1,2a+1) =€ 1t (21, z2)
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Some remarks

@D Q=0
@ There are no zero modes.
@ The determinant of is that of free fermions.
& There is a Jacobian in the determinant of .
@The Jacobian is formally unity but it needs to be
computed using a proper regularization scheme.
D Qz0
& There are chiral zero modes.
& The determinant is formally zero.
@ Certain fermion number violating observables are
non zero.
@ Can compute all eigenvalues of 3.
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;27PIN) | ;27PoN2

. LN Discrete
Fourier
Transform
(1, Pz)e
SN
Brillouin Zone q‘;(pl,pz)z{g__f:m; ‘PP only one
4[sin? () +sin® (Z2)) pole

—¥(ny — 1,n2)] + o2[p(n1,ne + 1) — ¥(n1,ne — 1)]

Wilson fermions

But not obeyed by Not a solution for

(chiral symmetry) :
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Sy, ¥4, A) = / d*zip Oy + g, / d*zp, A

S (B b, A) = / 2P By +ig. / 2o Ay

Wi (4) _ / (] [dep]eS+s B

Fermions decouple and dependence on gauge field can only
come from the Jacobian

Jacobian is not unity since there are divergences
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2Py | L 2TPoZo
A +1 Iy

2P Zy | L 2TPoZo
L P K s

._i2nplw1__i2np2x2
l l
1 2

G (@P, () = 22, P =2mi

(4.9)

Sum over simple poles Only k=2
Sum of residues is zero
Shift r sum

can contribute

Result is zero unless sum is divergent
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Pauli-Villars regularization

& One set for PV fields for each chiral fermion
@ Show that result is finite if

% QCD like and one can use
finite number of PV fields and regulate the theory

PV fields are massive and each
PV field has twice the number
of degrees of freedom compared
to a single chiral field.

" Need infinite number of PV
fields to requlate one chiral
fermion

~N

\_
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e Wi (Aup) — /‘[d'a] [d’tll]ef d2zE[au(6“+iq_,Au)+P+M+p_Mi]w

Infinite mass matrix

has no zero modes

has a zero mode

Under parity

1 — —z1 and o — Ty

Ai(z1,22) = —Ai(—z1,22); Ao(z1,22) — Az(—21,22),

U(z1,x2) — 020(—21,22); V(T1,22) — Y(—T1,T2)00;
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Mt - ~
P Z.pz) (Y+(p) ¥+(p))

~ P11 —1iPe ~ = _ P1+1iPs
B 0P 0) = e () ) =

(G- @0, 0)) = ~M s, (@ (0) = —M' o,
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A specific example -- Harmonic Oscillator

1 ifk=0
0 otherwise

(MM =A2(5 +1)%65; (MTM) ;1 = A%j25.

_— P1 + 1Py .
G ()= P2+ A2(j +1)%’
~ A(j+1)
.ot
2’ G(J+1)J (p) = P24 A2( + 1)2’

fermion for even j

spin-statistics - | boson for odd ;

fermion for odd j

b

boson for even j
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qi{ A1) Ai(—p) - Aa(p) Ax(—p)] [(Q1 — B)(Q1 + B) — (@2 — B)(Qe+ B)]

+ [Al(p)iig(—p) + Az(p)x‘il(—P)] [(Q1 = 5)(Q2 + 3) +(Q2 — F)(Qi + Z;})]}
Z;i—oo [ ( -1)7

(- 3)+ 2] [(@+ ) a7]

zqi{ [Az(p)/}z(—p) — A1(p)A1(—p) ] [(Q1 — BN (Q2 + B2) + (@2 — 22)(01 + B1)]

+ [Au(p) Az(—p) + Ao(p) A1 (—p)| [(Q1 — B)(Q1 + 5) — (Q2 — B)(Qa + %ﬂ}
(4.24)
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Move from the eigenbasis of Harmonic oscillator to
coordinates

M = %(as +8)y/—02 + 82 — 1.

% The fermionic action is quadratic
@ Go to the second quantized representation
@ We have a s-dependent Hamiltonian

A for s >0

A > 0.
—m fors<0’ m, A >

M =0, +m(s); m(s)={

—As f >0
M has a zero mode  ¢(s) = {e o= M does not have a zero mode
e™®  for s <0

Two many body Hamiltonians
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Let BE¥ and

be the highest eigenvalues and the corresponding

eigenvectors of
a-type fermions  b-type fermions c_type fermions

R
—m for s <0

Only Only

S € [_%sa %s]

S € [_%Sa lfs]

Boundary states
—) +) -) +)

eWa(Au)

= 00 AW T
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Some remarks

@ We divided by the result for b and ¢ type fermions. b and
¢ have the opposite statistics compared to a.
& b and ¢ type fermions requlate the theory by removing
the contributions for all the non-zero modes of [Zilli

% We can take

S We can set El to [0/ By
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Assume that the Hamiltonians are 2n by 2n matrices
L are positive eigenstates of respectively

are the positive eigenstates

for all i

(—|+) = det «

Gauge transformation
Hy — HS =ViH, VIl o _ (Ve Vv
vig vis
/ x(z)d*z =0
(=1+) = (=+)*
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Phase ambiguity

Phase of the eigenstates of are ambiguous
Phase can depend on the gauge field
Only absolute value has been properly defined
Like in continuum Pauli-Villars

Real part was well regulated

Imaginary part was cancelled for anomaly free theorie:
Overlap formula was written down for any theory
Anomaly has to show up as ambiguity in the phase
Perturbation theory
@ Can fix the free eigenvectors
@ Upon perturbation, the perturbated eigenvector’s overlar
with the unperturbed one cannot be fixed.
@ Use standard Wigner-Brillouin choice -- Set the overlap
between perturbed and unperturbed state as real and
positive

000y 2000
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Wigner-Brillouin phase choice

JWIE(A,) _

One choice but not unique

Not necessarily gauge invariant

@ Need to understand phase ambiguity
& Define currents as variation of the effective action
& consistent current
& Can define another current that is unabiguous
@ covariant current
@ will be gauge covariant
@ will have anomalies
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Gauge field topology

state is always half filled
need not be half filled

H, = (B H, (u) = 0; uwu+ ol = 1,

v

u'Bu +v'Bv =m, (B—m)u+Cv=0; Clu—(B—m)v=0.

Consider a smooth deformation of IAGRRERM

There must be a zero eigenvalue somewhere in the path

If the number of particles filling the two states defining
the overlap are not the same, overlap is zero.

} fermion creation or annihilation operator has to be inserted
between the two states for the overlap to be non-zero.

Fermionic index
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Right handed fermions

—m for s >0

‘ A > 0.
A for s <0’ m, & >

M =0, +m(s) m(s)={

(+]=) = det o

Overlap for a vector like theory has no phase ambiguity

Need to have separate set of creation and annihilation
operators for left and right handed fermions

and B8 are two sets of annihilation and creation operators
also obey canonical anticommutation relations
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Generating functionals

Z1(€p,€r) = p(—|esrditerur 1),

_ b F
Zr(€Rr, ER) = p{+|eSRURTERIR| ) o

@ Sources are grassmanian
@ Ordering does not matter since the two terms in
the exponential commute.

% do not propagate since [ESEREENIEN are zero.

@ Converse holds for the other chirality.

Invariant under global chiral transformations

Er — €PRER: Ep — Epe PRy £ — €PLEr; € — Ere WL

Chiral propagators

L<_|dTLjuLz'|+>L‘

GY = ,
L L{—[+)c
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Left handed fermions Right handed fermions

ZL(gL, §L) — [eEL[ﬂa—llTﬁL det a] ZR(ERs §R) — [eERBa—lﬁn det aT]

erd) +Erur = Q; +QF

Qf =ép(a D) +€0df67Y Q7 = —€(BaN)tdL — ELul v,

[QF,Qz] = —& ((Ba™) —797") &,

eﬁLd,T;-FELUL _ eQ}t eQr e%EL((ﬁa_l)T—’ﬁ_l){L .

L(~le®t = L(~|; e%|+)r =|H)1,

p(—|efrd Heru 1y = ea8r((Ba™D)T=07)Er (1), = (€L(Ba™)EL et g
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Overlap Dirac operator and propagator for
vector gauge theories

Unitary matrix

_ (ﬁa_l

det o

det X = '
© det 6T’

det o det of = det é det 67,

1
det _;V — det avdet .

Matrix in determiant is not same as the one in propagator
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Chiral anomalies

-CONSs aa_ o
Consistent current [ERMGRENAGES <_|+I>+>d€a ambiguous

Oln{—|+)
)] = Wd [fuuav¢(m)]

- _a#T31“<‘ | ax(a) — et |5 2| dota).

Splitting the current EREGEIAGETNG

@3] Transformly covariantly, unabiguous, not exact

Aj(€) dAj = (0aRjp — 0pAja) dEadls = Fapdiadls, MWglalgrlol e [lelIE

== > No anomalies
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Anomaly computation on the lattice
Pick a continuum gauge field configuration

Construct the fields on the lattice
Form
Compute
Take the continuum limit
If it is zero, there is no anomaly
Compute the covariant anomaly

The result will be zero in the continuum if there is no
anomaly

Not necessarily zero on the lattice

< Unambiguous but depends on choice of
Open

problem:

4 J

Can one cancel anomalies exactly on the lattice?




Covariant current

0a—) = |8a—)1 + |-}{—|0a—)-

IS unambiguous and
will transform covariantly

Ui (n1,n) — Uj(n1,n2) = g'(n1,n2)U1(n1,n2)g(ny + 1,nz);
Uz(nlanz) — Ué(nlanz) - gT(nlanz)Uz(nlanz)g(nlanQ + 1)3

063 = 8¢5 [D(9)] 4, -
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H™ (€4 08) — H™(£) = d€alta(§).

H (€9 +6¢%) — H™(£9) = 685 Ra(€%) = 683 [D1(9)] 4, Ra(€?),

H™(E9+669)—H ™ (€%) = G'(9) [H™ (£ + 66) — H™(€)] G(g) = 685G (9)Rs(€)G(9)-

Ro(€9) = [D(9)]4s G (9)Ra(£)G(9)-
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1
H=(£) — Eo(§)

|0a—) 1.(§) = (=IRa(§)|-) — Ra(&)] |-);  H™(€)|-) = Eo(&)—)-

) = €9€9G(g)]-),

[0a—)4 (£) = €9 Dap(9)G1(9)[85—) L (6),

[]cov g _ [ cov] [D_l(g)][ja ,

Transforms covariantly and is not ambiguous
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/
Berrys curvature

Fap = Tr[(9sP)P(0aP) — (0aP)P(9sP)],

unambiguous
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Toron background

73]}
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Role of m in the overlap

factor in the determinant (pl + h—zl) +1 (Pz +%

Contributes a Fac’ror of order one to the determinant
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Chiral anomaly

Phase is ambiguous

™ I 79 E,Z
Wigner Brillouin phase choice - = esM(h—h) (2, ); h = hy + iha,
continuum limit (1)

P =|=)(—|

1 1 1 1., .
Pp(h) = 5 — ﬂ [050'3 +,810']_ — ,320'2] = 5 + §’U)p(h) g

sum becomes an integral in the continuum limit
independent of foron variables since we can shift
the integral using periodic boundary conditions.

l integrand is an area element.

integral counts the winding on the map of torus
onto the sphere.

@ One winding for 0 < m < 2.

D
D

QO
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1 + chiral fermion

1 Dirac fermion
1 - chiral fermion

2 Dirac fermions

J

3




Berrys curvature is proportional to the square of the charge

Results related by complex conjugate for + and - chirality
11112 model - 4 g=1 with + chirality and 1 q=2 with - chirality

Delicate cancellation due to a theta function identity
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Consistent and covariant anomalies
A numerical computation

W-(Au) =) [~6()d(—p)f(p) + id(p)x(—p)g(P)].

p

¢(n1,n2) = ¢ cos [2%(1917%1 +P2’n2)]

Pick gauge transformation fo have the same momentum
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Consistent anomaly
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Covariant anomaly
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Fermionic index versus m

Thursday, March 17, 2011



Fermionic index versus Q
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