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1. Introduction
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What binds protons and neutrons inside a nuclei ?

gravity: too weak

Coulomb: repulsive between pp
no force between nn, np

New force (nuclear force) ?

1935 H. Yukawa
introduced virtual particles (mesons) to explain the nuclear force

Yukawa potential
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1949 Nobel prize
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Nuclear force is a basis for understanding ...

e Structure of ordinary and hyper nuclei

e Structure of neutron star

e |gnition of Type Il SuperNova
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Phenomenological NN potential
(~40 parameters to fit 5000 phase shift data)
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Repulsive core Is important

— \ ™~

.y . maximum mass of explosion of
stability of nuclei

type |l supernova

neutron star

move Remnant: Crab Nebula (Messier 1)
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Origin of RC: “The most fundamental problem in Nuclear physics.”

Note: Pauli principle is not essential for the "RC". p
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QCD based explanation is needed
Lattice QCD can explain ?
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2. Strategy to extract
“potential”’ in QCD

p\)\ /p p

—

“Even now, it is impossible to completely describe nuclear forces beginning
with a fundamental equation. But since we know that nucleons themselves are
not elementary, this is like asking if one can exactly deduce the characteristics
of a very complex molecule starting from Schroedinger equation, a practically
impossible task.”
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2-1. Nambu-Bethe-Salpeter (NBS) wave function

M)W = TN +x,ON@OMN, Wysiso) W = 2kt + ik

QCD eigen-state for 2 nucleons with energy W

— gabe (Ua(2)C5ds()) gal),  q(x) = ( zgig )

local nucleon operator No(z) =

|l
/
=2
2 E
~——
|

Below pion-production threshold W < 2my + m, S p— 6225 S-matrix
T — OO
PV (r)g—g ~ > Z"(S = O)YUZ(QI.)Sin(kT — 171242 + 5l0(k))ei5lo(k‘) spin-singlet
L.l
sin(kr — I /2 + 61 (k)) i () spin-triplet
kr |
1/201/2=0¢1
—V?
4%
~ () Hy =
ERCET =
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0;(k) is the scattering phase shift

Finite volume » allowed value: k?
» Lueshcer’s formula

A

no interaction
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2-2. Non-local potential from the NBS wave function
k2

Define (B~ Hil ¢i(x) = [ Unsaale V)i, o=

4x4 a,B,v,0=1,2

1. U is E-independent. /

Phagey) = [ oW p(W)d, M ONT W W) () ) = (W) P x )
W1 2<Win Wi <Wiy

N, W) = [ " (@) " (x) dr

Ut (x,y) = /W1 o<W p(W1)dWy p(Wa)dWs [Ey, — Hol "™ (x)N (W1, Wa)(0"2)*(y)

_ / p(W1)dWy [Ey, — Hol P(Wy;%,y).
Wi <Wiy

/U(Xa y)reW(y) Py = /Wlswth p(Wh)dWy [Ey, — Ho ¢ (x)ﬁd(ﬂﬁ —W) = 0(Ww — W) [E, — Hol " (x)

2. U is not unique. We can freely add /W o p(W)dW fw(x)P(W;x,y)
>Win

For example

U (x,y) = [ pW)AW (i~ Hol POV;x.y)

2011E3R815H AEH



2-3. Velocity expansion of the non-local potential

Velocity expansion Ux,y) =V(x, V)53 (x—Yy)

L=rxp S = (014 02)/2
At the lowest few orders

V(r,V) = Vo(r) + Vy(r)d - &2 + V(1) Sio + Vis(r)L - S +O(V?)

\ .

~~

LO NLO

(r-a1)(r-os)

7“2

tensor operator S, =3 — 01 - 09

Isospin decomposition

Vx(r) =Vo(r) + VE(r)A -7, X =0,0,T,LS,- -,

LO local potential ~ 1/LO (r) = Vo(r) + V,(r)oy - 02 + Vp(r)Sia.

|Ex — Ho| SOW(I‘)I

ex: spin-singlet Vo(r,S =0)=V.(r) —3V,(r) =
(r, 8 = 0) = Va(r) = 3V, (1) )
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2-4. Remarks

[Q1] Scheme/Operator dependence of the potential

e the potential depends on the definition of the wave function, in particular, on the choice of
the nucleon operator N(x). (Scheme-dependence)

e |ocal operator = convenient choice for reduction formula
e Moreover, the potential itself is NOT a physical observable. Therefore it is NOT unique and
is naturally scheme-dependent.
e Observables: scattering phase shift of NN, binding energy of deuteron

e |s the scheme-dependent potential useful ? Yes !
e useful to understand/describe physics
e a similar example: running coupling

e Although the running coupling is scheme-dependent, it is useful to understand the deep
inelastic scattering data (asymptotic freedom).

e “good” scheme ?
e good convergence of the perturbative expansion for the running coupling.
e good convergence of the derivative expansion for the potential ?

e completely local and energy-independent one is the best and must be unique if exists.
(Inverse scattering method)
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[Q2] Energy dependence of the potential

Non-local, E-independent 0 Local, E-dependent

(E + %) YE(x) = /d3y Ux,y)er(y) VE(X)pr(x) = (E + V—:L) pE(x)

non-locality can be determined order by order in velocity expansion ( cf. ChPT)

V(Xv V) — VC(T) + VT(T)S12 + VLs(T)L - S+ {VD(T), VQ} 4+ ..

If the velocity expansion is good,

“QCD” justifies the use of quantum mechanism with potential to describe the NN system.

Later explicitly consider this problem.
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3. Lattice formulation

4-pt Correlation function  F'(r ¢ — t4) = (O|T{N(x + r,t)N(x,1)}T (ts)]0)

source for NN

complete set

F(r,t—to) = (OT{N(x+r,t)Nxt)} Y [2N,W,,s1,52)(2N, W, s1, 52| T (t0)|0)

— Z An,81,8290W” (r)e—Wn(t—to)’ Apsy,sn = (2N, W, 51, 32‘7(0)‘(»-
Large t
i F(rt—to) = Agg" (r)e 00 4 Qe Mt

It is important to find the large t region where this condition is approximately satisfied
while the signal is still reasonably good.
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3-1. Choice of source operator

Spacial symmetry in the hyper-cubic lattice SO (3, R) — SO (3, Z)

Representation A, A, BT, 15 P: parity
Total spin J=L+S L S L P|A A E T T
0(S) +/ 1 0 0 0 O
7 ® I 1(P) —| 0 0 0 1 0
Al A E T 15 2 (D) + 0 0 1 0 1
A A A, E T 13 3(F) -] 0 1 0 1 1
Ay | Ay Ay L T g 4 <G) 1 0 1 1 1

E|E| E AoAcE T & Ty T & Ty (G) +
T, | Th| 1> T @1, AMOESTI@T, | b, EDT I T 5(H) —1 0 0 I 2 1
L |L)Th Thel, |Asbelieh| AeEehisl 6(I +,1 1 1 1 2
Al spin-singlet(S=0) T1 spin-triplet(S=1)
11 11 11 wall —
Wall source  7"(tg) g, = No | (tO)Ngg (to) " (to) = > q(x,to)

L=0 A;r

: ) SHHHP S is also conserved.
(J,1) conserved + fermion (—1) » But L is NOT.
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t=1to  T(to; I 1) = PS)T "N t0)ap.ss (8,1) = (0,1),(1,0)

spin projection
spin-singlet  (J*,I) = (A}, 1) spin-triplet (JE, 1) = (T7,0)

AT @ Ay = AT AT Ty =T,

Ry ®1T7 = Tl_'_

* Ry = Af,ET, T, T

L=0,2,6,---
L P Al AQ E Tl T2
14 7 T 7 0(S) +| 1, 0 0 0 O
A fA] A E T B 1(P) =0 0 0 1 0
Ay [ A A E T T, 2(D) +] 0 0 1 0 1
E|E E A®ADE Tle Ty T, & Ty 3(F) -0 1 0 1 1
| h I, Tel, Aebghlel LeEehieh| |[4(G) +/ 1 0 1 1 1
T2 TQ T1 Tl@TQ AQ@E@Tl@TQ Al@E@Tl@TQ 5(H) . O 0 1 2 1
61 + |1 1 1 1 2
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t > 1o oWi(r:JP I,L,8) = PE PO (¢ P I

y ] ‘

L _
Projection PWe(r) = 21 > X(@e(g™ r)
geSO(3,Z)

I, — Al,AQ,E,Tl,TQ character

F(r,t —to; J7, 1) = A(JT, D)™ (15 J7, e V70
A

A(JT, ) = (2N, W[J(0; J", I)|0)
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3-2. Leading order potential: spin-singlet

LO potential /1O (r) — ‘/0(7“) + VU(T)((?l . 52) + VT(T)SH'

Spin-singlet potential (JE,I) = (A, 1)

_ [Ek — Ho] QOW(I',AT,I = 1,A1,S = O)

(S, 1)=(0,1) — {/I=1/.\ _ a1/ I=1
Vo(r) =Vy (r) =3V, 7 (r) oW (r; AT, I=1,4;,5=0)

V)€:1:V)9+V)€ L:()74767°”
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3-3. Leading order potential: spin-triplet

Hy + Vo(r) D=0 4 Vi (r) 81| @ (13 7 = Ti, T = 0) = B (177 = T}, 1 = 0)
Ve(r)SD=00 = V=) + V70 (r), VTt = Ve = 3V%

+ Iy
PN (r; P =T, 1 = 0) Ar(L="0%)

PE g ] =T 1 =0) = (1= P")p(e; J" =T, 1 =0) pon A+ (L =727)

w
ngaﬁ
w
Q@aﬁ

1

by — Al ([95126" Jap(x) Ho[Pp" Jap(x) — [PS120" Jag(r) Ho[ Q" Jas(r) )
1

ensor Vi(r) = 35 (190" las () HPE" as(x) — [P las(r) Ho[ Q6" Jos(r)
AM) = (05120 as ()P |as(r) — [PS126™ as(1)[ Q" Jas(x).

central Vg (r)%0)

effective central potential

off /. \(1,0) _ [El — Ho] Ppgs(r) - (1,0) 2
Ve (T) — ngo%(r) — VC’ (T) T O(VT)
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3-4. A comparison with the finite volume method

e the local potential gives correct phase shift at & = /W2/4—m}

e Dbut it gives approximated phase shift at other k

e the finite size correction yo the potential is expected to be small

e the quark mass dependence of the potential is much smaller that that of the phase shift

e at the leading order, contaminations from L=4,6,... do not cause problems for the potential.

2011E3R815H AEH



4. Results for nuclear potential
from lattice QCD

2 3H158H XFEH



4-1. Quenched QCD results for (effective) central potentials
e plaquette gauge action at B=5.7(quenched) on 324 lattice

e 2=0.137 fm from p meson mass = physical size: (4.4 fm)*

e Wilson quark action
m, = 370 MeV (2000 conf), m, = 527 MeV (2000 conf)
e 3 quark masses

m, = 732 MeV (1000 conf)

Blue Gene/L @ KEK(stop operating in this January)
. 10 racks, 57.3 TFlops peak

34-48 % of peak performance

about 4000 hours of
512 Node(half-rack, 2.87TFlops)
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NN wave function my ~ 0.53 GeV

attraction T3

E.: A ﬁ ‘. "--...-............-............-......‘- .
0.8:ifF a : normalized here

0..
.

.
""""
........
----------

repulsion

0.2 F

NN wave function ¢(r)
o
o
|

0.0....I....I....I....I
0.0 0.5 1.0 1.5 2.0
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NN (effective) central potentials my =~ 0.53 GeV

t—1s=20
strong repulsive core ! — —r— I
T I T T T | N .
A 3So — ]:
S]_ ; L { -
o OPEP 11

Yukawa potential
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Ground state saturation

600
500

400

[MeV ]

300

200

Vo(r)

100

Yukawa potential

_ 9an (11 - 72)(01 - 02)

VE(r) = 222

gj“—WN ~ 14.0

3

1S, My =~ 0.53 GeV
600 :'";;'iidzovgh """ R e T 2
500 F..9 ... ... r=0.14fm . gLk xe E
400 b e TR e
F A
300 - 1 [ 1 1 1 -
2 3 4 5 6 7 8
20 T T T r'f%-%gﬁm T T
0 S-S I S :,:r:e::,,:,':,,:,:Aﬂ:%{&: z
_ O Q..... ©..... I Y S Dommmnefome
20 Yoo 69Em Y S
_40 1 1 1 1 1 1 1
2 3 4 5 6 7 8
t-t, [lattice unit]
t=11 seems OK
My 2 e mar
2m N r

my ~ 0.53 GeV, my ~ 1.34 GeV
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Quark mass dependence

150 1T = 1 1 T 1 1 T 1 1 T 1 T 1
1000 f=. 1 g - | 'm =370MeV o -
o . M0 - i -
Lo _ . m =527MeV e _
k - m_=732MeV —e— -
I % 10 . " .
i L ]
~ = = = O -
% N 50 o ® —
= : -  § _
50 0 . ® i % i
: - K .
H - e ] - St R
@) : B s %N ¥ L3 -
> & e _ ".0. - & ® [) i
.': B 1 1 ] ] I ..I.. .I"“I-“‘I I 1 1 1 1 I 1 1 1 1 I 1 1 ]

0.5 1.0 1.5 2.0

0.0 0.5

as quark mass decreases

1.0
r [fm]

stronger repulsive core at short distance

a little stronger attraction

at intermediate distance
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. - i(2r/L)n-r
Fit of wave function G(r: k?) = 1 €
) 3 212 _| 1.2
L? 7 2m/L)*n? k% g parameter
180 channel 381 channel
1.5 —
1.0 :— -
0.5 F {05 -
0.0-....I....I....I....I..-0.0-....I....I....I....I..
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
r [fm] r [fm]
Lueshcer’s formula
2 L2 1 2
kcot dg(k) = ﬁLZOO(l’q ) = @0 + O(k7), net attractions
EMoV] ao[fm]
my[MeV] || spin-singlet spin-triplet | 1S 35
731.1(4) [ -0.40(8) -0.48(10) | 0.12(3) 0.14(3)
529.0(4) | -0.51(9) 0.56(11) | 0.13(3) 0.14(3)
379.7(9) | -0.68(26)  -0.97(37) | 0.15(7) 0.23(10)
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4-2. Tensor potential

Wave functions

Quenched QCD

e L e L
(a) (b)
MW_PD ®® 20 00 0 0 0 o MW ®® 0 0 o o © ©o © 0 o
®®® 1 281 e @co@ 381 o
¢ D1 —A— P 3D1 —A—
mn=529 MeV mn=529 Mev
multi-value + single-value
o non Aj S
T ﬁﬁé%‘;ﬁ:ﬁ: """"""""" :’”’:"":""ﬁ'"'ﬁ”"ﬁ'”*”""”‘ ....... AAAAAAAAAA“AAAA
&
L I IA: A I L I L L I I I L L L I I
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
r [fm] r [fm]

divided by Ygo((g, ¢)
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Potentials

100 ———————————————
[ = V() —e—
VC(r) A
central

= X[ ; effective !

= % central m, =529 MeV
= . .
ofgr b bbby b

tensor

_50[ PR R T R S S S N TR S S S NN TR T S T R T

0.0 0.5 1.0 15 2.0

r[fm]

® no repulsive core in the tensor potential.

V+(r) [MeV]

Quark mass dependence

m, =529 MeV

m_=380 MeV o

m,=731 MeV —a—]

0.5 1.0 1.5 2.0

r [fm]

e the central potential is roughly equal to the effective central potential.

e the tensor potential is still small.

e the tensor potential increases as the pion mass decreases.

e manifestation of one-pion-exchange ?

e the fit below works well.

Vr(r) = bi(1— e‘b27‘2)2 (1 + +

mpyr

(m,r)?
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4-3. Convergence of the velocity expansion

Non-local, E-independent 0 Local, E-dependent

2 v2
(E + Z—m> pE(x) = /d?’y U(x,y)pE(y) Ve(x)pp(x) = (E + %> pE(X)
[ " "
Numerical check in quenched QCDJ my ~ 0.53 GeV
\_
a=0.137fm
K. Murano, N. Ishii, S. Aoki, T. Hatsuda @}'
arXiv:1103.0619[hep-lat] N
_r.J
b
N
/;
Anti-Periodic B.C. Hn.,@
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e PBC

(E~0 MeV)

e APBC (E~46 MeV)

e,

S

BS wave function

——
— =
.‘-".éi‘%' Z
e

755"?%5%!

500
400
300
200
100

-100

APBC

BS wave function

's, V. APBC
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Spin-singlet E-dep. L-dep. at E=46 MeV
45[MeV] —— |
600 central 600 | central
50 100
s 3
2 400 . 2 400 50
= 0 =
= ® ~ ®
3 2 0
§ 200 |, § 200 | 3
| -50 _
0 05 1 15 2
0 0 i B o @O BLTL 0B TP b mm@@s
0 1 2 0.5 1 1.5 2
rffm] [fm]
Non-locality turns out to
be small in this setup.
Spin-triplet E-dep. E-dep.
45[MeV] —— ' 45[MeV] ——
600 I central ,, OIMeVI —— 50 | tensor OMeV] ——
- ' -
S 400 - { : g
S . 0 3 =
g 0 ® § 0 M
s 200 1 G
> ° > L
o 50 . ,,a“‘"
" 1 2 oty
0 s e st SIS ST A o
' -50 - -
0 1 2 0 1 2
r[fm]
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4-4. Full QCD results

PACS-CS gauge configurations(2+1 flavors) Phys. Rev. D79(2009)034503
2.0
mass [GeV] . a = 0.09 fm
1.5_— . EL 2 - L — 2.9 fm
T ax .
- -~ 5 A mMn- —= 156 MeV myL = 2.3
1.0_— Y 7;_ e A — v
—— K* N “ . L
- — bxperimen We are almost on the “physical point”.
05 - o m K, Qinput ]
44—
421 Calculations with L=5.8 fmand M, =~ 140 MeV
are on-going.
40F m.L > 4
156
3.8 |
§+ 296 570 CP-PACS/JILQCD “Real QCD”
3.6 % : PA_CS-CS B
34— 002 008 006 008

m , [lattice unit]
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full QCD quenched QCD

3500

(@) 100 TS 300  (b) 100 e
1 clf lg90]l — ] c ol —*
3000 . Vel 4] . Ve ISl
= 7(r) — : 7(1) .
50 B | N ]
2500 | : ] . 50
] 200 *
— .‘in: _______________ kbl | —
% 2000 | 0 "*;W‘ ""”:a PR 7T % .
2 ",ﬂ'waﬂ‘d 2 % e.0.5. 0.8 a.d
= 1500 | " 241 flavor QCD result = ol I TR S PSP
= S0 = 100 | «#2* ~ ° Quenched QCD result
m,=701 MeV $
1000 ¢ ) ] * m, =731 MeV
° '100 L L L L . _50 1 1 1 N
50 F 0.0 0.5 1.0 1.5 2.0 25 1 0.0 0.5 1.0 1.5 2.0 2.5
O 'oo:’:.i..g'...."'.. .......... -
O -..”-— 1 1 o |# ) 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5
r [fm] r [fm]
a ~ 0.091 fm L ~29fm a~0.137 fm L ~4.4 fm

e both repulsive core at short distance and the tensor potential are enhanced in full QCD.

e the attraction at medium distance is shifted to outer region, while the magnitude remains
almost unchanged.

e these differences may be caused by dynamical quark effects.
e a more controlled comparison is needed.
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Spi inalet 4500 :
pin-singie 4000 } @ 100 m, =411 MeV ——
m, =570 MeV ———
3500 & m,=701 MeV ——
S 3000 S0r
(0]
= 2500 |
U? ° 0 B
central . =2000¢°
S 1500 | -,
20 25
e oo
2.0 25
r [fm]
Spin-triplet 3500 100 '
b) TR VeV
( | m,=411 MeV
3000 i m,=570 MeV
\‘ m, =701 MeV ——
< |
=3
d I
m| 4-
central &
o
>

e both repulsive core and attractive pocket in the central increase as the pion mass decrease.

r [fm]

O(k) [degree]

V1(r; °S4-°D;) [MeV]

70

r [fm]

e the tensor potential also increases as the pion mass decreases.

e the phase shift is qualitatively similar in shape to but is much smaller in magnitude than

experimental one.

e simulations at physical point are needed.

2 LSRR AL N BLALELELES BLELELELE BUELELELE BURLELL
b ]
60 F (o) 180 channel g
50 | m,=700 MeV ——— -
2 m,=570 MeV ——
40 F m,=411 MeV —— -
30 _ emprical —— _
20 phase shift
10 F
S
10 F
0 50 100 150 200 250 300 350
Elap [MeV]
(c) I
O o gt #
-50 | 3,
. tensor
100 b
H m=411 MeV ——
m,=570 MeV ———
m, =701 MeV ——
-150 - - - -
0.0 0.5 1.0 1.5 2.0 2.5
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5. Hyperon Interactions
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Octet Baryon interactions

81 o B _ (270 e ¥ e [ o (10 @ [P0 o (T

* no phase shift available for
YN and YY scattering

* plenty of hyper-nucleus data will be
soon available at J-PARC

also in GSI

» prediction from lattice QCD
o difference between NN and YN ?
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3D Nuclear chart

3 known

40 known

LFy.
s s rasss.
.
RS S T AT IS TETEES.
i 7

S,
AT T
P
I

Strangeness

P
FELE
R
FIEE SRR
F AT I AT
.

~3000 known

e
TFIETEPT
F R

Neutron Number
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5-1. Quenched result for N= potential Nemura, Ishii, Aoki, Hatsuda,
Phys.Lett.B673 (2009)136

900 f 100 )
L = 1S0 —e—  {
800 == 35 —— 17 :
200 F L= i liceto 13 e clear spin dependence
50 | = Ime-Slice: ] .
600 F _ - = 17 e quark mass dependence is weaker than NN.
> 500 F L E= . .
= - - e No clear signature of one-pion exchange
= 400 F 0 beeseerees %_. T X
300 _ ! *xgx ¥ e state-independent attraction ?
200 F “%
100 E * 0.0 0.5 1.0 1.5 2.0
5 "a-h ;
O ;_ .................................. : - ? ..... o *I* ...... [P ..I. ..... *_;
0.0 0.5 1.0 15 2.0
2 — — — —My
r (fm) VT — (1 _ 9oy Javn (TN - T2)(On - 02) ((ma \*e™™
¢ =—(1=2a) 41 3 2my r
Spin-singlet Spin-triplet
900 [ 100 ) ] 900 F 100 g 7
: - I =368MeV —o— | ] - — =368MeV —a— | ]
800 ¢ me=s1IMeV —— | 3 800 | 5 meSIIMeV o |-
700 OPEP(0:=0.36) —— ] 700 | [ = OPEP(a=036) —— |
600 | | 600} LR
> 500 [ > 500 F _ :
§ 400 F § 400 £ 0
300 F 300 & , ' :
200 | 200 ¢ o%a
100 ; 100 _ 6% 0.0 0.5 1.0 15 2.03
0.0

2011E3R815H AEH



5-2. Full and quenched QCD result for NA potential

full QCD

30

72 V (MeV-fm2)

20

10 F

-10

0.0

0.5

r (fm)

quenched QCD

30

2V (MeV-fm2)

-10

20

10

a~0.137 fm

r (fm)

0.5

vV (MeV)

V (MeV)

-50

a~ 0.091 fm

Spin-singlet

50

40
30
20
10 F
o |
10 b
20
-30
-40

 mp=414MeV ——— |
mz=699 MeV -

50

40
30
20
10

0

-10
20
-30
-40

-50

0.5

1.0 1.5

2.0

my = 407 MeV
my =512 MeV

0.5

2 V (MeV-fm2)

2 V (MeV-fm2)

L ~29fm
30
20 | 1
v VW%V
10 1
N » %@‘&%
AA% %
0 5
“
-10
0.0 0.5
r (fm)
L ~44fm
30
20
10
Vvv
O AAAA
-10
0.0 0.5
r (fm)

V (MeV)

V (MeV)

50

40
30
20
10

10

-30

-40
-50

50

40
30
20
10

10 |
20 |
-30 -
40 |
-50

Spin-triplet

20 F ¢
0.0 0.5 1.0 15 2.0
r (fm)
0.0 05 1.0 15 2.0
r (fm)

e attractive well moves to outer region but depth remains the same as pion mass decreases.

e tensor force: weaker than NN. quark mass dependence is also weak.

e repulsive core and the attractive well increase as pion mass decreases. Net attractions.

e full and quenched QCD are more or less similar.
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5-3. Flavor SU(3) limit My = My = My

1. First setup to predict YN, YY interactions not accessible in exp.
2. Origin of the repulsive core (universal or not)

8X8=27+8s+1+10* + 10 + 8a

Symmetric Anti-symmetric

6 independent potential in flavor-basis

v, v, viV(r) 'S,
V[m”[:r:}l! V[mj(r), V[Eaﬁ[.r} 351
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Potentials in full QCD

Inoue et al. (HAL QCD Coll.), PTP124(2010)591

a=0.12 fm, L=2 fm BG/L@KEK
Spin-singlet Spm trlplet
2D I e " 10%) e
oo} VTR ‘f R
1500 f 50 | 1500 | so[
3 E = | E
= 1000 | or -émoo? oFf
= | B |
. 50 | ' _ 50 |
500 | 500 |
' 00 02 04 0.6 08 10 1.2 1.4 16 - 00 0.2 04 06 08 1.0 1.2 1.4 16
0 ‘ +$§ *%mm*WMW*** 0 L fﬁf 35%%**%%%%“**
00 02 04 06 08 10 12 14 16 00 02 04 06 08 10 12 14 16
r [fm] r [fm]
flavor multiplet | baryon pair (isospin)
27, 10*: channels NN belongs to 27 {NN}(I=1), {(NX}1=3/2), {ZX}(1=2),
same behaviors as NN potentials (LE}(1=3/2), {E=}(I=1)
8. none
1 none
10 NNJ(I=0), [X=](1=3/2)
10 INX|(1=3/2), |Z2=](1=0)
8, INZ](1=0)
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| | 8IS) | 1(')00'0 | T I| T T II 'I | T | II
- ) my=1014 MeV —— 1
2000 V(X b my;=835 MSV . 1
f 7500 .
1500 | ) :
X 5000 r 8
2 h X
% 1000 | I 2500 i 1 4
= X H
> T 0 %M -
500 | x R ——
ey 00 02 04 06 08 1.0 1.2 14 1.6
ax
e
0 e
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
r [fm]
8s: strong repulsive core. repulsion only.
500 1 1') | | | ma=1014 MeV —+—— ]
V( my;=835 MeV  r---x---
0 e — A NIOBE ORI FoiK -
L . xww ]
> w00 1
= [
. o .
-1000 | 1: attractive instead of repulsive
core ! attraction only .
-1500 | bound state ? ]
00 02 04 06 08 10 12 14 16
r [fm]

V(r) [MeV]

10) T T T T T T T 1
2000 | 100 | m=1014 MeV —— -
i m=835 MeV - 1 ]
i 50
1500 - i 3 1
= E
% E: A
= 1000 | 0 ]
> x
' -50 i 1 1 1 1 1 1 ]
500 - x 0 1
. 0.0 02 04 06 08 1.0 1.2 1.4 1.6
0 . o ]
00 02 04 06 08 10 12 14 16
r [fm]

10: strong repulsive core. weak attraction.

: 8a) T T T T T T T T T T T T T T
2000 100 my;=1014 MeV —— -
I [ my;=835 MeV  =---x--- 1
X
1500 | 50t ]
L X
: I
0 . S
1000 r i z
I
50 |
500_ L FEEed oy,
- 00 02 04 06 08 1.0 1.2 14 1.6
4
Fox
+ X
0k ”*'iif?é’é o TR SOOI AN~
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
r [fm]

8a: weak repulsive core. strong attraction.
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Potential matrix in “baryon basis” (S=-2, =0, spin-singlet)

baryon ﬂavor ( [AA) ) \/ng —\/% —\/% ( 127) )

1 24 15
E Ux V& UXJ i pRY Lo 18
2 |NE) 12 3 20 1)
n b2 e~ b5 40 40 40
V(T):bl 27 —|—b3(1—€ 4T)
r
: ; 3000 ;
_ AAZE ——
4000 -dlagona[10 : SENE
. 2000 | : _
off-diagonal 'S, $=-2.1=0 ]
3000 | 20 1000 |
> >
= 0 =
= 2000 r = 0 IO L
= N
L\ 20 ]
1000 [ = \" -1000
NG 2000 [
O ________________________ .
: : : : : : 3000 £ : : : :
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14

r [fm] r [fm]

e attraction appeared in flavor-singlet channel can not be easily seen due to the strong
repulsion in 8s channel. 2% is the most repulsive due to the large coupling to 8s.

e N= has the strong attraction due to the large coupling to the singlet.
e off-diagonal parts are comparable to diagonal parts in magnitude.

e full matrix is needed.
e “physics” can be easily seen in the “flavor” basis.
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6. Origin of repulsive core
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6-1. Operator Product Expansion(OPE) and repulsive core

NBS wave function  ohz(r) = (0|T{OA(r/2,0)0p(—7/2,0)}|E)

OPE Oa(r/2,0)0p(—7/2,0) ZDAB )0¢(0,0).
short distance behavior DS z(r) ~ r*(—logr)’c fo(0, ¢)

NBS wave function at short distance

oap(T ZTO‘C —1log )% fo(0,¢) De(E) Do(E) = (0[06(0,0)|E)

ex: Ising field theory in 2-dim.
OPE o(2,0)0(0,0) ~ G(r)1 +cr¥*0y(0) + -+, 7= |z]

NBS wave function  ¢(r, E) ~ r**D(E) + O(r""), D(E) = ¢(0|04(0)|E)

potential V(T) _ 90//(7"; E) + k290(7°, E) ~ [3 1 j universal attraction

at short distance mp(r, E) E-independent

2011E3R815H AEH



QCD case ac =0 consider L=0 case

Take Bc > Ber for VC!' # C largest

(1) Bc >#0 universal at short distance

6@‘ attractive for Bo > 0
Vi(r) = ——j |
mr (— 10g r ) repulsive for o <0
(2) Bc =0 Bcr  the second largest
De/(E)|—Be _
Vir) ~ : —1 for—1
(T) DC’(E) mrz ( Og T)
universal

Note that the potential does not diverge even at r=0 due to the lattice artifact in lattice QCD.
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6-2. Renormalization Group and perturbation theory

1-loop calculation becomes exact at short distance in QCD due to the asymptotic freedom.

OPE Oa(y/2)08(-y/2) = > Dip(r,g.m, 11)Oc(0)
C
fixed
. C,(1) |
RGanalysis  im D5 (r, g, m, p) = (=28g? log r)"as /") DG, (B) 0,0, 1)
—t
r=e¢ R—10
1 2N
- 1) — _ 2
beta function G = 162 <11 5 )
- - C,(1 1 1 1) 1
anomalous dimensions 'YA}é ) _ ’Y((J) _ %(4) _ 71(}3) — 5
A8
4 )
C,(1)
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6-3. Results
(2) Bc =0

2-flavors

N DC/(E) —ﬁg«/(— 10g 7“)6(5;’_1

Spin-singlet

S/ZOZ_ 6
¢ 33 — 2N}’

Ve (r) = Do(E)

non-relativisitic quark model

Dei(E)

_ Dci(E)
Dc(E) B

(5=0)

~(X)

myT2

universal attractive core in 1, 8s,8a

(X)

: r— 0

Spin-triplet
S=1 _ _ 2
¢ 33 — 2N
Vi(r) ~0
no divergence
in tensor

S=1)~2. repulsive core !

attraction in MC

X

27 8,(1) 10 10 8,

~(X)

Non-relativistic op.

0 6 | 12| O 0 4
yes no \ yes/ yes yes yes

strong repulsion in MC
but no non-rel. op.

1

V(SX) (r) ~ — B

(33 —2Ny) mpr?(—logr)

T T

in MC
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7-1. Inelastic scatterings

inelastic due to the change of particle species A +B —-C+ D

ma+mp <mec+mp <W W:E;?‘l—EkB:EqC‘FEqD Ek)(:\/m%(‘l‘kQ
QCD eigenstate

W) = cag|AB,W) + ccp|CD, W) + - -
|AB’ W> - |A7 k>in ® |B’ _k>in; |CD7 W> = |Cv q>in ® |D7 _q>in

pap(r,k)e”" = (0|T{palx +r t)pp(z,t)}|W)
pcp(r,q)e”"" = (0|T{pc(x + r,t)pp(x, )W)

NBS wave functions

pxy(r.k) = 4x Z @'ZSOg(Y("“a k) Yim (€25) Yir (€ 2c) partial wave decomposition
lm

( Zz%f)((zg ) - <6z(kr) gz(qr) ) ( zgi ) + ( gl(kr) e gz(qr) +iji1(qr) )

01 W) sin 51 (W) 0 1 CAB
< om) (RN s )OI (),

CcD

» [(VZ + k) pan(r k) =0, (V' +q")pcp(r,q) =0 j
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Finite volume

two QCD eigenstates |WZ> Wi=W+0WV1),i=1,2
NBS wave functions wap(r ket = (0|T{oas(x + 7, t)pp(z,t)}|W;)
pop(r,q)e”"" = (0|T{pc(x +r,t)pp(z,1)}[W))

coupled channel Schroedinger eq.

Z,u,: — Hy| pap(x, ki) = /d3y Uap,ap(x;y) vap(y, ki) +/d3y Uap.cp(x;y) vop(y,q;)
L B -

dicn Ho| vep(x, ki) = /d3y Ucep.ag(x;y) pap(y, ki) + /dgy Uep,co(®;y) vep(Y, q;)

ki
2p4B

velocity expansion K ,g(x, k;) = { — HO‘ oap(x, ki) = Vapap(x) pap(x, ki) + Vapcop(x) vop(z, q;)

2

Kep(z,q;) = [25;1) — Ho] vcp(x, ki) = Vepas(x) oap(x, ki) + Vopop(x) vop(x, q;)

r

(Vioaate) Vison(a) )

\

=

( Kap(x, k1) Kap(x, ko) )
Kep(x,q,) Kep(x,qy)

% SOAB(CL‘, kl) SOAB(-’L’, kz) :
¥%31)037(11) ¢NTI)GB7(12)

_/
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inelastic due to particle production A+B - A+ Band A+B — A+B+(C

mag+mp+me <W <mag+mp+2mc

NBS wave functions pas@)e™V" = (0|T{pa(r +z,t)op(r,t)}|W)
Poc(@y)le ™ = (OT{ea(r+a+ L2 1) ool + y. ). OHW)
couple channel eq. + velocity expansion
Kyp(®) = V. (x)ppp(x)+ [ dwV, (x, W)y,
AB = Vapap(@)pyp(@ w Vap,apc(x, w)p po(T, w)
W %74 W
KABC’(wﬁy) — VABC,AB(way)¢AB(x)—"_VABC,ABC(way)SOABC(w?y)'
KV(x) = K. s Plhs(T) Kipo(w,y) = ! @ 4 —Hf’BC—HfC] Phpe(E:y)
AB | 2uap 0 AB 7 2uaBc 2pBe 7
4 W )
(VABC,AB(way) VABC,ABC('Tay)> = (KAéC(way) K%C(%?J))
1
o (e e
Vigc(x,y) Yipo(z,y)
1 W [ W
Vap ap(T) VT (@) Kyp(x) /d w Vape,ap(®, w)V po(x, w)
hermiticity Vap,apc(@,y) = Vapcap(x,y)
\_ _J
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7-2. S=-2, 1I=0 coupled channel
my = 939 MeV, mp = 1116 MeV, my, = 1193 MeV, mz= 1318 MeV
S=-2 System(I=0)

Mapn = 2232 MeV < Mpy= = 2257 MeV < M= 2386 MeV

local potentials

1
Vagcep(r ZKAB [SOCD(T ke )} 3x3(CD,i )

NBS wave functions 90%;(7“, kYyz)e Vit = (0|T{pa(r + z, t)pop(r, ) }W;)

1 _ 2
AB = AA, NZ and ©X Kap(r) = QLA (V (K'a) )SDAB(’P k' p)

Wi = (k)2 + m2 + \/ (k)2 + m,

CP-PACS/JLQCD gauge configuration

Neons | M mg my ma ms, mg
Set 1| 700 | 875(1) 916(1) 1806(3) 1835(3) 1841(3) 1867(2)
a~0.12 fm L ~19 fm Set 2| 800 | 749(1) 828(1) 1616(3) 1671(2) 1685(2) 1734(2)
Set 3| 800 | 661(1) 768(1) 1482(3) 1557(3) 1576(3) 1640(3)
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Set 1
I ' I I ' I
300 I I I I
3000 —
200 V -
AA—AA
S 2000F 100 ¢ 4
(D] | _' ]
> i ! |
1000 |- —
| | | |
1007 0.5 1 15
0 L. - -
1 1 1 1 1
0 0.5 1.5
r[fm]
| ' | ' | ' |
0 } gese e -
100 I I I I
-1000 |- i 14
; 0
o -
= - [ g&; - -
= -100 -
> -2000 [ i 1
200 F V -
AA-NZE
3000 ] ] ] A ] -
300 0 0.5 1 1.5
1 1 1 1 1
0 0.5 1 1.5
r[fm]

diagonal

| ! | |
300 —— , ,
3000 - B
200 ] -
NE-NE
= 2000 100 |- l{ 4
O =
2 !
= -
>
1000 - B
| | | |
-100 0 0.5 1 1.5
II
0 %t g - s
| N | |
0 0.5 1.5
r[fml]
! | ! |
300 | | | |
3000 ‘I -
= 2000
Q
2
S
>
1000
0
| | |
0 0.5 [fim] 1.5
. rirm
off-diagonal

Vap =~ VB4 : hermiticity

V(r)[MeV]

V(r)[MeV]

300

I ' I I I
3000 | i l s
200 -
YY-yy
2000 | l 100
i 0
1000 I I
100 | | | |
1 0 0.5 1 1.5
III
0 L
1 1 1 1 1 1
0 0 1.5
r[fm]
0 | | ' _J |
l*"'
5
]I 0 I I I I
-1000 | i .
I 0
-100
22000 |- -
-200
-3000F 300 —
1 1 1 1
0 0.5 1 1.5
r[fm]

off-diagonal ~ diagonal
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Flavor SU(3) basis

-500 -

V({@)[MeV]

-1000

e S

|

-100

-200

0

|

0o 05
Set3 r{fm]

Op

3
Set 2

10

V(r)[MeV]

S10H

20k

OF T

-30

similar to SU(3) limit

T

8000

6000 [+

~
S
S
(«)

V({@)[MeV]

2000 -

400

200

V(r)[MeV]

-10

20F

-30L

off-diagonal < diagonal

0.5

1
r[fml]

1.5

V({)[MeV]

V(r)[MeV]

20K

30

2000

CET=N =]

1000

T

200

100

30

20

10

10k ¢

SU(3) breaking becomes manifest in V1-8 and increases as decrease pion mass
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7-3. Time dependent method

Ground state saturation should be satisfied for all r.

lim  F(r,t —tg) = A" (r)e Wolt=to) L O(g=Wnzoli=to)y  difficult !

(t—to)—>oo

Consider

F(rt) = Z Aw " (r)e™Vt 4+ O(e7)  which satisfies
W <Wiy

HoF(’T‘,t) ~ %;AW / dST/[EW(S(g)(T L ,r,/) o U(’I",T‘/)]QOW(’I"/)e_Wt

Using  w —92,/k2, +m3 = 2my + k2 /my + O(k},/m3,)  (non-rel. expansion)

velocity expansion

[HO — d — 2mN] F(rt) = —/d?’r’U(r,r’)F(r,t) ~ —VO(r)F(r,t)

dt

>

LO [HO +lit} R(r,1)
V) = - R(r,t)

\

R(r,t) = F(r,t) /e (matms)t
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Relativistic formulation ma = mpg

oy F(r,t)
— — = — m T
0 4mth2 N 7

V() = F(r,t)

Non-local potential _ _ _
symmetric correlation function

Fx,y,t) = /d3w1d3y1<0\T{N(w1 +x,t)N (2, 1)} T{N(y, + y,0)N(y,,0)}0)

1 d?
Hy— —— & — —/ 3
[ 0 4mN dtQ +mN] R(way7t) d ZU(CI),Z)F(Z,y,t)
4 )
» U(x )—/d3z —H, +Ld—2—m F(x,z,t)- F~Y t)
yY) — 0 4mth2 N y < <Y,
\ J

1 eigenvector of F

F Y, y,t) = vn (T, )0l (y, t
(x,y,1) A;()An(t) (2, t)v)(y,1)

eigenvalue of F
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7-4. Bound H dibaryon in flavor SU(3) limit

Large volumes and time dependent method

volume dependence

2000 |
1500 ¢

1000 |

V(r) [MeV]

500 |

50 |

L=3 fm is enough for the potential.

V(r) [MeV]

Ve (r) = -

200
0}
-200 |
-400 | *
600 |
: L=4 [fm] —— {
-800 -150 | L=3 [fm] == ] ]
: i L=2 [fm] = ] |
-1000 200t Fit e 4]
: 0.0 0.5 1.0 15 2.0
4200 b0 b
0.0 0.5 1.0 15 2.0 2.5 3.0
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pion mass dependence

lighter the pion mass, stronger the attraction

fit the potential at L=4 fm by

in the infinite volume.

200 T T T T T T T T
v
0
200 | &
)
S 400 | ¥ ;
2 ; 50
= 00| % (b)
= -100 |
800 -150 - mpg = 1015[MeV] 7] ]
[ mp5=837 [MeV] bommXemoet
-1000 f 200 L mps =673 [MeV] x|
' 0.0 0.5 15 2.0
-1200 sﬁ L L " " 1 " " 1 " " " " 1 " " " " 1 " " " " 1 " " " " 1 " " " " ]
0.0 05 1.0 15 2.0 25 3.0 35
r [fm]
O T T T T T T T T T T T T
I (f—fg)/a= 9 —e— ;
(t—to)/a=10 PR 2 R
10 | (@) (t=to)/a=11 s--aeeens ]

Bound state energy E, [MeV]
&
o

t-dependence

t=10a is enough.

t=9a,11a

60 Lo
0.6 0.7

0.8

0.9

1.0 1.1 1.2

Root-mean-square distance V{r2) [fm]

2
V(’I“) = ale_aﬂz —+ as (1 — e—a47’2> (

€

—asrT

r

solve Schroedinger equation with this potential

A bound state (H dibaryon) exists !

:

-3 symmetric errors
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pion mass dependence

Bound state energy E, [MeV]

mys = 1015 MeV : By =

Mys = 837 MeV : By

mps = 673 MeV :

V{r?)

V(%)
Bu

Vir?) =

O T T T T T T T T T T T T T T T
I Mps = 1015 [MeV] ——
- (b) Mps = 837 [MeV] -t |
10T Mmps = 673 [MeV] +-m-z ]
o0 - ]
30 t ]
_ L -
-40 | i 5 !
50 | ]
-60 - . . L . . I M . 1 . . 1 M . 1 M .
0.6 0.7 0.8 0.9 1.0 1.1 1.2

Root-mean-squared radius V{(r2) [fm]

32.9(4.5)(6.6) Me
0.823(33)(40) fm
37.4(4.4)(7.3) Me
0.855(29)(61) fm
35.6(7.4)(4.0) Me
1.011(63)(68) fm

v
v

v

An H-dibaryon exists

in the flavor SU(3) limit !
Binding energy = 30-40 MeV,
weak quark mass dependence.
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Real world ? coupled channel analysis with SU(3) breaking is needed.

SU(3) limit * Real world

>
. 2386 MeV
AN — N=— XY 129 MeV
A
NE |
2257 MeV
30-40 MeV
H H 25 MeV
V ------
AA Y 2232 MeV
H ?
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7-5. Three nucleon force (TNF)
NBS wave function ‘ @

0" (r19,7103)e” " = (O|N (21, t) N (22, t) N (23, 1)

1 1
~3 Vi, - 5 Vit Vanl( ;) + Vine(r12, T123) | @ (P12, 7123) = E@" (712, 713)
H12 H123 i<j TNE

numerically demanding 3 more expensive than NN potential

Effective NN potential W (r12) ZSO (P12, 7123) = D> ¢ (712, 7123)

T123

integration over the position

Vi + Veg(ri2) 0" (112) = Ep" (1r12)

2 12
H effective NN

Vers () — Von (1) “finite density effect” in 3N system
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2-flavor QCD a~0.16 fm, L ~ 2.6 fm
my >~ 1.13 GeV, my ~ 2.15 GeV

n(l =1/2, J° =1/27%)

Doi for HAL QCD

Trito

300
200 |

100 |

Vg (F) [MeV]
Vgt (1) - Vo (1) [MeV]

100 L2

e effective NN can be obtained in good precision.

e The difference is consistent with zero within MeV statistical error.
e almost no “density effect”
e heavy pion ?

e TNF effect is suppressed by integration ?

2011E3R815H AEH



Linear setup

Triton(I = 1/2, J¥ =1/2%)

(1,2) pair

1Sy, 381, * D1

eSO
I I

S-wave only

1
ps = NG [ — PNy Py — Py nymypy + mping — nppng

symmetric wave function

9e-39 — : ; 3! ; ; T 50

: : ¥ : :
8e-39 B 2 o o o A 7 40
§ 7ed30f P 30
T 630 F oo = 20

- Ps= plUg tUsg )
Eonal Cecdemess ) R
© 439 4 =

: : : : : : : L

S %ed9r Z -10
@ 2839 [ > .20
D jese M T VU TYs) 30
0 oo —— 40
-1e-39 | i i i i i i i -50

0 ¢3D1 0.5 1

““““ r [fm]

scalar/isoscalar TNF is observed at short distance.

further study is needed to confirm this result.
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8. Conclusions

e the potential method is new but very useful to investigate
baryon interactions in lattice QCD.

e the method can be easily also applied to meson-baryon and
meson-meson interactions.

e three body force can be analyzed.

e various extensions of the method will be looked for.
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Back up slides




BS amplitude A= (k% s%) = (ko, k, s°)

pap(T,y; AB) = <O|T{N§(ZE)Ng(y)}|NG(A)N6(B)>in ko = \/EQ +m3%  helicity
B = (kb, s) = (ko, —F, s°)

N — 8ABO<UAC,Y dB)qg,a _ ( p

e <-@

—

k —k

For simplicity, we assume q 7& b(I=0o0r1l)andzy>yp.

C & 1
compeset 1=3 [ oS NG E e+ Y g (X
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Pap(t,y, AB) = @55 (2, y) + v " (2, y)

el (e) = 3 [ Gt OV N7 5)) (N ) VB ) IV V')

1nelastic a 1 a
PSS @) = 3 (OINE(@)|X) g (XINE)IN N
X#Ne¢
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Elastic contribution (0| N9 (2) [ N°(F, 5)) = 5“6@%(@ s)e P

spinors
elastic p a — —1px a a
P (3, ) Z/ D /7 ua (B, 5)e PN (7, 5) N (y) N N
27T 2]90
reduction formula b Ng(p):/d‘lxeipx\/lz_a ()
= (0| B (D, s) N5 (y)|N*N®) D(p)

= | —(0IN5(y) By, (5, 8)IN*N°) | (@, s)[(y - p — mn){OIT{N (p) N5 (y) | N“N°®)

—(27)32k 855063 (p — k)V Zbu(—F, sb)e_ikby

— Vzb / (;l:; (OIT{N" ()N (@) N (*)N" (k") }|0)D (K yu(k, s*) D(K"yu(~k, 5°)

L» i(2m)*0(p + k — k* — kb)ngB“%

“Off-shell T matrix” /

Tas o (pya kO k) = i[uD]a (P, 8)iDss (0)Gaghs (0, a, k., k) [Dul, (K, s°) [Duls (—k, s")

q=k+k"—p=(2ko — po, D)
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SOZIES“C( ) = —*/ZaZbua(E, Sa)u (_;% Sb)e—’iko(ﬂy)oe’i’;"? incoming wave
£ VEPY [ 5

(ﬁ) 3)6—75100900 —q0Yo 67325'?7

3
F:a‘:’—g’ 27‘(‘ 2p0
1
< Tab/aba ’ ,ka,kb a
[m—’7°q—i€]Bﬁ, o8/ses0 (P14 ) k

Usi L P

Sing > u(=p,s)a(—p,s) =m—+7y-q

1

. T po + ko
= dp—Fk)+ P
(m +~q) [z ) (p—k)+ Tho (2 —k2)]

q

on-shell T matrix  T5yis. o (7, —0, k. —k) = ap(~F. 5a) Tigguse (P, 4 K, k")l g=ro
Final result
szlgsmc( ’y) . .

0T = (R, s up(—F, sP)e ook
Zayzb
ik 1 . | B ) I
+ 327Tk0 / dcosf e—zko(:c-i-y)oezkr cos Oua (p’ S)’U,g(—p, Sd)TSdeSbGSb (p’ —7, k, _k)|p:k:
-1

d’p = ), —iP0T0o— DT po+ ko 1 - .
+ Z/ (27T>3Ua(p, S)e POT0—q0Y0 1P (m+’7'Q)65/ 8p0k0 pZ_szsg’sbasb(pn%k ,k)
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Similarly “inelastic contributions” can be evaluated.

Take xg — yo and consider the spin singlet state (1Sp).

at r = |r] > R Interaction range R k= i

VS0 (r k) = —(V2 + kg 50(F, k) — 0

T > R E < Einelastic V O
1 , k .
o 2 (r, k) ~ jo(kr) + Tis,(Ipl = k, k) [no(kr) + ijo(kr)]
167Tko
* T Trso([p] = b, ) = €8 sin b (k)
phase shift

etoo (k)

kr

0 50 (1, k) ~ sin(kr + 5o (k))
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